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Abstract—The purpose of this study was to determine the 
relationship between stride-to-stride fluctuations and prosthe-
sis preference. Thirteen individuals with unilateral, transtibial 
amputation consented to participate. Individuals walked on a 
treadmill for 3 min with their prescribed and an alternate pros-
thesis. Stride-to-stride fluctuations were quantified with the 
largest Lyapunov exponent (LyE) of each joint flexion/exten-
sion time series. The change in the LyE was calculated for each 
major lower-limb joint for both conditions. Participants indi-
cated preference between the prostheses on a continuous visual 
analog scale. The change in the LyE was correlated with the 
degree of preference between the two prostheses at the pros-
thetic ankle. The change in the LyE of the prosthetic ankle was 
strongly related to the degree of preference (r = 0.629, p = 
0.02). Thus, stride-to-stride fluctuations, quantified by the LyE, 
are strongly related to the patient’s perception of the prosthesis. 
As a result, the LyE is the first objective measure to detect 
changes in gait that relate to the patient’s perception of the 
prosthesis. The LyE should be further examined as a poten-
tially effective prescriptive and outcome measure in prosthetic 
rehabilitation.

Key words: amputation, dynamic stability, dynamical system, 
gait, limb loss, Lyapunov exponent, nonlinear dynamics, out-
comes, perception, rehabilitation, transtibial, variability.

INTRODUCTION

There are approximately 1.6 million Americans living 
with limb loss, a number projected to reach 3.6 million by 

the year 2050 [1]. From 1988 to 1996, there were on aver-
age nearly 134,000 hospital discharges for amputations 
per year; 82 percent of these discharges were lower-limb 
amputations [2]. The growth of this population increases 
pressure to provide quality prosthetic rehabilitation 
enhanced by the most appropriate prosthesis. Unfortu-
nately, the most effective tool for lower-limb prosthesis 
prescription that is available for the rehabilitation team is 
the Amputee Mobility Predictor [3]. The Amputee Mobil-
ity Predictor is only designed to determine a patient’s cur-
rent and potential functional level based on Medicare 
classifications; it is not able to provide guidelines on the 
specific prescription of a prosthesis. In regards to specific 
prosthetic prescription, clinicians must largely rely upon 
history, physical examination, and experience of the reha-
bilitation team, which may incorporate any available 
empirical evidence [4–5]. Outcomes for prosthetic rehabil-
itation must rely upon the clinician’s report and even more 
on satisfactory patient perception [6]. This may be prob-
lematic as the information provided by the patient may be 
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cases. Ultimately, some individuals are simply better able 
to provide useful information.

Failure to achieve a strong prescriptive tool may in 
part be due to the lack of an objective measure relating to 
patient perception. Patients consistently prefer energy-
storage-and-return (ESAR) prosthetic feet [6–8], but the 
typical biomechanical metrics used to assess gait do not 
always demonstrate superiority of ESAR. Furthermore, 
Kark and Simmons showed a lack of relationship 
between gait deviations and prosthesis satisfaction, 
implying the role of gait is not unambiguously coupled to 
prosthesis satisfaction [9]. Numerous biomechanics mea-
sures covering all areas of kinematics and kinetics as well 
as electromyography and energy expenditure have been 
explored in gait of individuals with lower-limb amputa-
tion [6]. Yet, in a recent review, Hafner et al. stated, 
“…while the collected perceptive data appears to validate 
the strong clinical support afforded to ESAR prostheses, 
biomechanical results are often insufficient to name one 
type of prosthesis superior to another.” [6].

It is possible that the changes in gait that affect the 
patient’s perception do not lie within a single stride, but 
rather in the stride-to-stride fluctuations that occur over 
multiple strides. Specifically, standard measures in bio-
mechanics will take an event within the gait cycle and 
average multiple steps to acquire a representative perfor-
mance. While this technique is informative, it fails to 
account for the inherent relationship between strides that 
calculations such as the largest Lyapunov exponent (LyE) 
will capture. Measures, such as those utilized by Kark 
and Simmons [9], presume that every step is completely 
independent of the previous steps and has no influence on 
any ensuing steps. However, studies have confirmed the 
presence of strong relationships between continuous 
strides during gait [10–12]. This concept is somewhat 
intuitive when considering the example of a misstep, 
where it is routinely observed that an individual may 
need several steps before the gait pattern appears to be 
“normal” again [13]. But the misstep that caused such 
fluctuation from one specific stride to the next is actually 
an extreme example. In fact, there are natural fluctuations 
that occur within every stride-to-stride cycle that are con-
sidered to be a characteristic of nondisabled gait [12]. 
These fluctuations are the result of the neuromuscular 
system’s optimization of all the different variables affect-
ing the movement [11,14–15]. As a result, it is possible 
that previous measures that failed to relate to prosthesis 
preference may not have been the best reflection of neu-

romuscular function. Prosthesis preference is a measure 
that falls within the realm of psychophysics: quantifying 
the perception of the individual with limb loss toward a 
physical stimulus [16]. Thus, the perception of the indi-
vidual with limb loss may relate to the changes in stride-
to-stride fluctuations in the gait cycle and these may bet-
ter quantify the aspect of neuromuscular control related 
to prosthesis preference [11].

In order to assess the fluctuations from stride-to-
stride, one must measure multiple consecutive strides and 
then analyze the entire time series rather than discrete 
points. A time series is a sequence of measurements 
ordered with respect to time. Figure

Figure 1. 
Time series for one subject’s ankle angle while walking. Plot dis-

plays angle continuously from 0 to 6 s of nonstop walking. Slightly 

>5 strides shown. Traditional measures would consider perfor-

mance of individual as average of these 5 strides. However, such 

an approach would not account for temporal relationship held 

within order of these strides. Time series analysis utilizing nonlin-

ear dynamical tools, such as largest Lyapunov exponent, is able 

to quantify this relationship. In case of limb-loss rehabilitation, 

such temporal relationship is affected by prosthesis.

 1 displays a time 
series for an ankle dorsiflexing and plantarflexing. Time 
is plotted on the abscissa such that at any given time dur-
ing the walking trial, it is possible to determine the ankle 
angle. Viewing such a time series also makes it possible 
to see the oscillatory nature of gait. Furthermore, it is 
possible to see that the steps are similar, but no two steps 
are ever identical. Through time series analysis, it is pos-
sible to gain insight into the nature of these stride-to-
stride fluctuations.

Consequently, if these stride-to-stride fluctuations 
that naturally occur are influencing the patient’s percep-
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tion, then switching to a different prosthesis to evoke a 
change in such fluctuations should affect the patient’s 
perception of the prostheses. In essence, a greater change 
in these fluctuations will cause increased deviation from 
the individual’s inherent movement pattern. This would 
be expected to be accompanied by stronger feelings of 
preference between the prostheses. Therefore, the pur-
pose of this study was to quantify the stride-to-stride 
fluctuations through the LyE during gait for patients with 
a lower-limb amputation walking in two separate pros-
thesis setups. The LyE has been used in the gait literature 
to quantify changes in these fluctuations [17–21]. The 
LyE was chosen (as opposed to other metrics such as 
detrended fluctuation analysis or sample entropy) specifi-
cally for its distinct benefits of measuring divergence of 
cycles within the attractor, making it ideal for investigat-
ing variability in joint kinematic patterns, which are 
inherently periodic [21–22]. This inherent periodicity can 
largely influence other metrics and dominate their out-
comes when we are truly interested in the fluctuations 
that exist on top of these intercycle periodic dynamics. 
The difference in the LyE between the two prosthesis set-
ups was then correlated with the patient’s preference as 
denoted on a continuous visual analog scale. It was 

hypothesized that the change in the LyE would correlate 
to the degree of preference between prostheses.

METHODS

Participants
Fourteen individuals with lower-limb amputation 

were recruited for this study. Thirteen (eleven males, two 
females) were able to complete all tasks and thus were 
included for analysis (Table 1). Inclusion criteria included 
(1) unilateral transtibial level amputation, (2) ability to 
ambulate nonstop without any assistive device (other than 
the prosthesis) for 3 min, (3) amputation for at least 1 yr, 
and (4) possession of current prosthesis longer than 30 d. 
Exclusion criteria included presence of (1) any ulcers on 
either the residual limb or contralateral limb and (2) any 
neuromuscular or musculoskeletal conditions (beyond 
amputation and diabetes) that may affect gait.

Gait Analysis Procedures
Participants walked on a treadmill for 3 min at the 

same speed (self-selected preferred) for both conditions. 
Preferred walking speed was chosen 

Table 1. 
Characteristics of individuals able to complete tasks. All individuals used energy-storage-and-return feet during tasks.

Participant
Amputated 

Leg
Age
(yr)

Ht
(cm)

Mass
(kg)

Preferred 
Walking 

Speed
(m/s)

Residuum 
Length

(cm)

Time Since 
Amputation 

(yr)

Amputation
Cause

Prosthesis
Description

1 R 36 177 88.0 0.49 15.5 10 Osteosarcoma Sleeve + Pinlock
2 L 30 168 62.6 1.88 15.0 8 Trauma

(motorcycle accident)
Suction Sleeve

3 R 64 174 93.9 0.40 15.0 12 Arterial Disease Vacuum Suspension
4 R 53 182 63.0 0.80 10.0 8 Trauma

(motorcycle accident)
Suction Sleeve

5 L 41 182 78.0 0.98 23.0 1 Gunshot Vacuum Suspension
6 L 74 172 93.4 0.49 16.5 3 Trauma (leg fracture) Suction Sleeve
7 L 33 183 91.2 1.12 21.5 3 Manufacturing Accident Sleeve + Pinlock
8 L 64 180 117.5 0.40 12.7 6 IV Injection Infection Suction Sleeve
9 L 40 184 120.2 1.12 16.0 1 Diabetic Infection Suction Sleeve

10 L 56 192 120.2 0.58 19.3 4 Blood Clot Sleeve + Pinlock/ 
Torque Absorber

11 L 27 178 78.0 1.30 28.5 27 Congenital (fib hem) Suction + Anatomical
12 R 61 180 103.9 0.80 15.5 3 Trauma

(motorcycle accident)
Suction Sleeve

13 R 39 180 61.7 0.89 19.5 3 Trauma
(nonhealing fracture)

Suction Sleeve

Fib hem = fibular hemimelia, Ht = height, IV = intravenous, L = left, R = right.

because walking at 
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other speeds has been shown to affect an individual’s 
stride-to-stride fluctuations in gait [23]. Preferred walking 
speed was determined by having the participant walk on 
the treadmill in his or her prescribed (Rx) prosthesis while 
the speed was incrementally increased until preferred 
walking speed was reached. Once the participant reported 
the speed had reached a comfortable, preferred walking 
speed, the subject ambulated another minute to confirm 
the proper speed had been selected. Following selection 
of preferred walking speed, subjects were required to rest 
for at least 1 min. Participants performed two separate tri-
als presented in random order, one with their Rx prosthe-
sis and another with an alternate (Ax) prosthesis. Between 
trials, subjects were again given adequate rest time, at 
least 1 min, to minimize confounding effects of fatigue. 
The Rx prosthesis for all subjects included ESAR model 
feet. For the Ax prosthesis, all components distal to the 
socket were removed and replaced with a standard alumi-
num pylon and a solid-ankle-cushion-heel type foot (The 
Ohio Willow Wood Company; Mt. Sterling, Ohio). None 
of the participants had cosmetic covers, which would 
have possibly limited access to distal components. The 
pylons for the Rx prostheses were either aluminum, tita-
nium, or carbon fiber. The Ax prosthesis was then prop-
erly aligned by a certified prosthetist consistent with 
common practice [24]. This method preserved the socket 
fit and suspension for each individual. Utilization of the 
individual’s custom socket and suspension also allowed 
for quick alignment of the Ax prosthesis (<20 min). Sub-
jects were not allowed to walk for an extended period in 
order to maximize the perturbation to the stride-to-stride 
fluctuations present in the gait cycle. At the time of test-
ing, all subjects had adequate fit and suspension consis-
tent with common practice verified clinically by a 
certified prosthetist [24].

Subjects wore a tight-fitting uniform during data col-
lection. Twenty-seven retroreflective markers were 
placed on anatomical locations on bilateral lower limbs 
and the pelvis such that each segment had a minimum of 
three markers permitting joint angle calculations as out-
lined by Vaughan et al. [25]. Markers were located bilat-
erally at (1) anterior superior iliac spines, (2) posterior 
superior iliac spines, (3) greater trochanters, (4) midlat-
eral thighs, (5) lower front thighs, (6) lateral knees, 
(7) tibial tubercles, (8) lower lateral shanks, (9) lateral 
ankles, (10) top of second metatarsophalangeal (MTP) 
joints, (11) posterior heels, (12) lateral fifth MTPs, and 
(13) lateral calcanei. A single marker was placed on the 

sacrum. Markers were placed on the prosthesis at similar 
locations as the sound limb. Participants wore the same 
shoes for all trials. This ensured consistency of marker 
placement between trials as all markers were then located 
either on the socket or the shoe and none on any of the 
components that were exchanged. The only exception 
was the lateral ankle, which we attempted to maintain in 
a similar position by measuring with a caliper relative to 
the feet markers. Three-dimensional movement of the 
reflective markers was recorded with an eight-camera 
motion-capture system at 60 Hz (Motion Analysis Corp; 
Santa Rosa, California). Lower-limb joint angle flexion/
extension time series for each joint covering the duration 
of the entire 3 min were then calculated from the raw 
marker position data using custom MATLAB software 
(MathWorks Inc; Natick, Massachusetts). This time 
frame was deemed sufficient to properly characterize the 
walking dynamics based on previous work [18,21–22,26] 
and is considerably longer than the approximately 7 
strides found adequate by Sloot et al. [27].

Dependent Variables

Largest Lyapunov Exponent
The stride-to-stride fluctuations in sagittal plane joint 

angles present during the walking trials were evaluated 
using the LyE. The LyE was chosen because it is ideal for 
inherently quasi-periodic signals (i.e., limit cycle) [21–
22]. Joint kinematic patterns are inherently quasi-
periodic. This inherent quasi-periodicity can largely 
influence other nonlinear measures such as detrended 
fluctuation analysis and entropy measures and dominate 
their outcome rather than giving information on the fluc-
tuations that exist on top of these intercycle dynamics. 
LyE, on the other hand, is ideal for exploring divergence 
of movement trajectories in state space and especially of 
those movements that exhibit a limit cycle type of behav-
ior, as in joint kinematics. Thus, the LyE serves well to 
explore the fluctuations from one stride to the next with-
out the outcome being affected by the inherent quasi-
periodicity of joint kinematic patterns. The LyE measures 
the exponential divergence of the movement trajectories 
within the reconstructed state space (Figure 2) [14,28–
30]. State space reconstruction is a nonlinear dynamics 
technique that uses a time delay (τ) to create M copies of 
the original time series, where M is the embedding 
dimension (Figure 3) [21,28–29].
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The time delay is calculated 

Figure 2.
Largest Lyapunov exponent (LyE) measures divergence of local trajectories in reconstructed attractor. Attractor is region within state 

space to which all points sufficiently close are drawn toward. (a) Participant’s ankle angle time series, as observed in Figure 1, is 

reconstructed (only three dimensions for visual purpose; actual reconstruction may require more dimensions). In order to quantify 

divergence, nearest neighbor to point on reference trajectory is selected and allowed to propagate through attractor. Initial distance 

between points is calculated, and then distance between points is recalculated after propagating through attractor. (b) Zooming in on 

portion of attractor in which current reference trajectory point is located, it is possible to see selected nearest neighbor and distance 

between these points (dashed line). After points propagate through attractor for 3 steps, distance between points is calculated again 

(solid line). Local Lyapunov exponent is then calculated as logarithm base two of ratio of length of solid line to dashed line, normal-

ized to number of propagation steps times amount of time between data points. This process is repeated through entire time series, 

with LyE being long-time average of these local Lyapunov exponents. 

through the average 
mutual information algorithm [31]. The average mutual 
information calculates the probability that the informa-
tion within the time-delayed copies of the original time 
series is different [21,28,31]. Each potential time delay is 
tested, and then the proper delay is determined to be 
when the probability reaches the first local minimum. 
The appropriate embedding dimension is determined 
through the false nearest neighbors algorithm [14,28,31]. 
This false nearest neighbors procedure creates multiple 
time-delayed copies of the original time series, at which 
point the percentage of “false nearest neighbors” is calcu-
lated. A false nearest neighbor is a point that appears 
close in lower dimensions but is found to be at increased 
distance when the time series is unfolded to a larger 
dimension (Figure 4). The proper dimension is the 
dimension in which the percentage of false nearest neigh-
bors drops to zero [14].

Once the time delay and embedding dimension have 
been properly determined, the reconstructed state space 
vector can be obtained (Equation (1)):

y(t) = [x(t), x(t + τ), x(t + 2τ), . . . x(t + (M – 1)τ)],       (1)

where y(t) represents the M-dimensional coordinates for 
the reconstructed point at time t derived from the original 
data point x at time t (x(t)). From the reconstructed state 
space, the LyE can be acquired as a measure of the aver-
age divergence of neighboring trajectories. The oscillatory 
nature of gait results in each stride approximating to an 
orbit of the attractor. An attractor is the region within the 
state space to which all points sufficiently close are drawn 
toward. This appears as a region or “neighborhood” in 
which all orbits are found (Figure 2) [32]. The LyE is cal-
culated by propagating through the attractor on a single 
reference trajectory. While moving through the reference 
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trajectory, the nearest neighbor on 

Figure 3.
Ankle angle time series from Figure 1 is plotted against time. 

In addition, copy of time series at single time delay (τ) as well 

as copy at two times delay (2τ). Number of delay copies is dic-

tated by embedding dimension. This time series has been 

embedded to three dimensions. Attractor could be plotted as 

x(t) versus x(t + τ) versus x(t + 2τ).

a different 

Figure 4. 
False nearest neighbor can be seen in this exemplary plot. 

(a) Ankle angle time series from Figure 1 has been embedded 

into two dimensions. Two-dimensional visual, however, can 

deceive when determining points that are lying close together. 

(b) Zooming in on selected points from (a), points appear to be 

close in their spatial separation. (c) Further including another 

dimension of attractor, it now becomes obvious that points were 

in fact false nearest neighbors and are not close. Including 

more dimensions may reveal more false nearest neighbors; 

however, eventually false nearest neighbors will no longer exist 

and only true nearest neighbors will be present. Dimension that 

drops false nearest neighbors to zero is appropriate embedding 

dimension.

trajectory is 
selected [29]. The Euclidean distance (dt) between the ref-
erence point and nearest neighbor is calculated. Then the 
two points are allowed to propagate and evolve through 
their specific trajectories a certain amount of time, at 
which point the evolved distance (dtꞌ)  between the points 
is calculated [29]. The local expansion/contraction rate (Z) 
at that instant is then calculated as—

Z = log2 (dtꞌ/dt).                                                           (2)

Z is then normalized to time by dividing the time 
between data points (1/60 s) multiplied by the number of 
points that were propagated through the trajectory [29]. 
Subsequently, the long-time average of the running sum 
of the normalized Z values is calculated [29]. At this 
point, the nearest neighbor is replaced by a new nearest 
neighbor lying closer to the reference trajectory and the 
process of propagation and distance calculation is 
repeated. This continues until the propagation has moved 
through the entire time series [29]. The long-time average 
of the Z values once the entire time series has been prop-
agated is the LyE [29]. Input parameters required for cal-
culation of LyE were set at n = 3 (number of time points 
to propagate before finding new nearest neighbor 
[21,29]), maximum angle of 0.3 radians (maximum angle 
from reference trajectory in which new nearest neighbor 

must reside [29]), minimum scale length of 0.0001 (mini-
mum distance to selection of new nearest neighbor [29]), 
and maximum scale length of 0.1 times the maximum 
length of the attractor (maximum distance to selection of 
new nearest neighbor [29]).

It is important to note that another algorithm is avail-
able to calculate the LyE [33]. While the algorithm pro-
posed by Rosenstein et al. [33] has been used to calculate 
LyE in gait studies [17–18,20,28,30,34], this algorithm dif-
fers in that it does not provide a single value. Rather, it cal-
culates local divergence values, plots the natural log of 
these values against time, and then requires a user selec-
tion [33]. The slope of the range of values for the user 
selection is the estimated LyE [33]. Since the overall 
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purpose of this study is to determine a measure that could 
be implemented in a clinical setting, requiring user selec-
tion from a clinician increases the difficulty of introducing 
such a measure into a clinical setting. As such, the single 
value output from the Wolf et al. [29] algorithm was 
deemed a more appropriate method for this study’s 
purpose.

Preference Scale
The participants’ preference between prostheses was 

assessed through a continuous visual analog scale (Figure 
5). Previous research 

Figure 5.
Visual analog scale designed to assess preference between 

prostheses. Participants were told to make single mark indicat-

ing their preference between two prostheses. Instructions 

included explanation that if participant had no preference, he or 

she should make mark in very middle. Attached to extreme 

ends is inclusion of statement “prefer to use a wheelchair for 

mobility rather than . . .” This was added to prevent floor and 

ceiling effects, requiring participants to gauge their level of pref-

erence rather than simply putting binary response. Responses 

were then normalized as percentage from left to right for further 

statistical analysis.

studying preference between prosthe-
ses has mainly used a categorical approach [7,35–36]. Such 
an approach leads to decreased resolution, forcing individ-
uals to contain their preference to the specified categories. 
In particular, this is a major problem if the preference is 
only between two items (Rx vs Ax prostheses). Further-
more, the LyE is a continuous measure, and as such, it was 
possible that some individuals would experience a greater 
change in the LyE between the two prostheses. A greater 
positive change would indicate more fluctuations with the 
nonpreferred prosthesis, whereas a greater negative change 
would indicate more fluctuations with the preferred pros-
thesis. Larger LyE values are typically associated with a 

process that has increased noise and variance [14]. Based 
on our hypothesis, a greater change in the LyE should coin-
cide with a greater sense of prosthesis preference. Further-
more, the visual analog preference scale was designed with 
an added statement of “I preferred MY [THE OTHER] 
prosthesis and would prefer to use a wheelchair for mobil-
ity rather than ever use the other [my] prosthesis . . .” 
attached to each extreme end in order to avoid floor and 
ceiling effects. This was based upon anecdotal clinical 
experience noting that patients with amputation who are 
currently walking (inclusion criteria) typically desire a 
prosthesis, even if uncomfortable, before resorting to a 
wheelchair as their primary form of mobility. Subjects 
were presented with the visual analog scale after conclu-
sion of the second trial and asked to mark the degree of 
preference with the noted extremes. Participants were 
asked prior to scribing their mark on the scale to verbalize 
the instructions so as to assure comprehension of the task.

Preference was calculated as the percentage distance 
from the middle point on the scale (point of no preference 
between prostheses) to the nearest extreme end (point of 
greatest preference between prostheses). In other words, 
if the individual marked on the right side of the middle of 
the preference scale (Figure 5), indicating preference for 
the Rx prosthesis, preference was calculated as the per-
centage distance from the middle of the scale to the 
extreme end. If, on the other hand, the individual made a 
mark to the left of the middle point on the analog scale, 
indicating preference for the Ax prosthesis, preference 
was calculated as the percentage distance to the extreme 
end for the Ax prosthesis. This meant a value of 0 percent 
corresponded to no preference between prostheses, 
whereas a value of 100 percent would be maximum pref-
erence for one of the prostheses. This was done as the 
study was only concerned with quantifying the amount of 
preference for a prosthesis (or indifference) and relating 
this to the change in stride-to-stride fluctuations, rather 
than comparing preference between prostheses. Values in 
between corresponded to varying degrees of preference.

Statistical Analysis
A two-tailed Pearson moment correlation coefficient 

was used for testing significant correlation between the 
change in stride-to-stride fluctuations (difference in LyE 
between Rx and Ax prosthesis) and the degree of prefer-
ence. Normality of data was assessed using a Shapiro-Wilk 
test, which confirmed normality of all dependent variables. 
The preference was then correlated with the value obtained 
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through subtraction of the LyE for the preferred prosthesis 
from the nonpreferred prosthesis. A greater LyE value cor-
responds with greater divergence between neighboring tra-
jectories within the attractor (Figure 2) [21,29]. We 
hypothesized that the change in the LyE at the lower-limb 
joints would be correlated with the prosthesis preference. 
Significance was set at the 0.05 level.

RESULTS

Of the 14 individuals recruited, 13 were able to suc-
cessfully complete the testing. One individual could not 
obtain a proper fitting with the Ax prosthesis and thus 
was unable to perform the Ax prosthesis trial. The 
remaining 13 individuals successfully completed both tri-
als as well as the analog preference scale. All participants 
had been wearing their current prosthesis for less than a 
year. The LyE values for all six lower-limb joints were 
calculated for both conditions (Table 2).

The differences in the LyE and the degree of prefer-
ence between the prostheses were significantly and posi-
tively correlated at the prosthetic ankle (r = 0.629, p = 
0.02; Figure 6). This is a strong or large relationship as 
defined by Cohen [37]. Nonsignificant correlations 
reflecting moderate to weak relationships were found for 
the amputated side knee joint (r = 0.109, p = 0.72), ampu-
tated side hip joint (r = 0.222, p = 0.47), sound leg ankle 
(r = 0.218, p = 0.47), sound leg knee joint (r = 0.141, 
p = 0.65), and sound leg hip joint (r = 0.176, p = 0.57) 
for the difference in the LyE and the degree of preference 
between the prostheses (Table 3).

DISCUSSION

Figure 6. 
Difference in largest Lyapunov exponent (LyE) value at pros-

thetic ankle from preferred prosthesis to nonpreferred prosthe-

sis was significantly correlated with preference between 

prostheses (difference in LyE calculated as LyE value for walk-

ing with nonpreferred prosthesis minus LyE value for walking 

with preferred prosthesis). This was noted to be strong relation-

ship. This was also true for one participant who ultimately had 

stronger preference for alternate prosthesis (participant 

denoted by ).

The purpose of this study was to examine the stride-
to-stride fluctuations in gait for individuals with amputa-
tion and determine whether they were related to the indi-

vidual’s perception of the prosthesis. This was done by
attempting to invoke a change in stride-to-stride fluctua-
tions and then quantifying the LyE and degree of prefer-
ence. Our results at the prosthetic ankle support our 
hypothesis. Stride-to-stride fluctuations at the prosthetic 
ankle are related to the patient’s perception. Specifically, a 
larger change in the LyE at the prosthetic ankle when 
walking in a different prosthesis setup was accompanied 
by greater feelings of preference for one prosthesis over 
the other. Individuals who had more indifference between 
the prostheses had less change in the LyE at the prosthetic 
ankle. This seems to indicate that individuals with ampu-
tation have a preferred movement pattern at the prosthetic 
ankle when walking, one that is more highly organized, 
leading 

Table 2.
Group means and standard deviation for largest Lyapunov exponent at each joint with different prosthesis setups: prescribed (Rx) and alternate 
(Ax). Data presented in bits/second.

Prosthesis
Amputated Leg Sound Leg

Hip Knee Ankle Hip Knee Ankle

Prescribed (Rx) 1.036 ± 0.232 1.225 ± 0.291 2.682 ± 1.000 1.200 ± 0.635 1.322 ± 0.459 2.238 ± 0.768

Alternate (Ax) 0.923 ± 0.281 1.211 ± 0.380 2.885 ± 1.191 1.154 ± 0.517 1.401 ± 0.381 1.845 ± 0.510

to decreased stride-to-stride fluctuations. Visual 



679

WURDEMAN et al. Nonlinear dynamics and prosthesis preference
Table 3.
Participants’ preference between different prosthesis setups, as well as change in largest Lyapunov exponent (LyE) at all six major lower-limb 
joints. Preference of 100 percent would correspond to maximum preference for one prosthesis over another. Preference of 0 percent would 
correspond to no preference between prostheses. Preference between prostheses was correlated with change in LyE that occurred at each major 
lower-limb joint. Ankle on amputated leg (i.e., prosthetic ankle) had marked relationship with preference.

Participant
Preference

(%)
Ankle Knee Hip

Amp Sound Amp Sound Amp Sound
1 54.22 0.047 0.083 0.417 0.573 0.320 0.204
2 66.68 1.666 1.178 0.006 0.291 0.253 0.231
3 1.00 0.933 1.671 0.081 0.184 0.034 0.018
4 43.28 1.485 2.107 0.514 0.694 0.131 0.105
5 6.46 0.471 0.727 0.546 0.169 0.052 0.122
6 30.34 0.276 1.076 0.489 0.343 0.189 0.652
7 15.92 1.088 0.046 0.099 0.052 0.511 0.154
8 64.68 2.514 0.390 0.155 0.370 0.245 0.505
9 13.94 0.143 0.270 0.172 0.856 0.023 0.524

10 1.00 0.636 0.319 0.540 0.688 0.457 0.613
11 64.68 0.574 0.439 0.262 0.300 0.080 0.175
12 19.40 0.295 1.527 0.077 0.045 0.075 0.434
13 50.74 0.582 0.219 0.444 0.006 0.130 0.093

Pearson r — 0.629 0.218 0.109 0.141 0.222 0.176
p-Value — 0.02* 0.47 0.72 0.65 0.47 0.57
*Significant at p < 0.05.
Amp = amputated leg, Sound = nonamputated leg.

inspection of the attractor for the prosthetic ankle motion 
for a “preferred” prosthesis and a “nonpreferred” prosthe-
sis for an example individual display the change in organi-
zation of the movement (Figure 7).

In Figure 7(a), the movement pattern that results 
from better control has a clearly more organized attractor, 
with trajectories of the attractor falling into a “tighter” 
path. This is contrasted to Figure 7(b), which displays 
the “nonpreferred” attractor. In the movement pattern for 
the nonpreferred attractor, the trajectories are less tightly 
bunched. This decreased organization reflects greater 
variance within the state space, which seems to be less 
desirable in accordance with the preference relationship 
found here.

The alteration to the preferred movement pattern 
caused by a different prosthesis causes an increase in the 
stride-to-stride fluctuations. This change is perceived by 
the individual with an amputation. The reason that such a 
relationship was noted at the prosthetic ankle, and not the 
other lower-limb joints, is likely because this is the single 
joint that serves to act as the union of the biological (i.e., 
the individual) and artificial systems (i.e., the prosthesis). 
For the individuals in this study with transtibial amputa-
tions, the prosthetic ankle is the sole joint at which a bio-
logical segment and mechanical segment meet (the 

biological segment is lengthened through a pylon). In other 
words, the prosthetic ankle has the unique position within 
the kinematic chain to serve as the merging of the two sub-
systems (biological and artificial), forming a single dynam-
ical system. Thus, for this group of individuals with 
transtibial amputations, it is reasonable that the prosthetic 
ankle had the strongest relationship to changes in the sys-
tem. Other joints, such as the amputated leg’s knee, may be 
affected by things such as socket trimlines or suspension 
types, but would not serve this unique role as the “linkage” 
between the two communicating subsystems within the 
dynamic system (i.e., the ambulating person with an ampu-
tation). That perceived change is related to the individual’s 
preference, possibly providing a link between stride-to-
stride fluctuations and patient perception.

Initially, it would seem unlikely that the motion 
about the prosthetic ankle would be strongly related to 
prosthetic preference given the historical perspective that 
the performance of the five remaining biological joints 
are strongly affected and need to compensate [38–43]. 
However, these studies largely focus on energy genera-
tion and absorption. Yet, from simple coordination stud-
ies involving finger movement, which requires minimal 
energy [44–45], it is possible to understand that the 
underlying goal of neuromuscular control is not entirely 



680

JRRD, Volume 50, Number 5, 2013
energy management. Hence, 

Figure 7.
Prosthesis preference related to change in stride-to-stride 

fluctuations at prosthetic ankle. Attractors for prosthetic ankle of 

(a) preferred and (b) nonpreferred prosthesis of an example 

individual show how an increase in stride-to-stride fluctuations 

(i.e., increased Lyapunov exponent) reflects greater disorgani-

zation. Specifically, note how trajectories of preferred prosthetic 

ankle movement (a) lie closer together in state space due to 

more consistent movement. Trajectories of nonpreferred pros-

thetic ankle movement (b) do not lie as close together, with 

increased likelihood of stray trajectories that are more dissimi-

lar from previous and future trajectories. 

when we begin to take a 
new approach to understanding amputee gait and poten-
tial perceptual influences, we may need to consider 
aspects of movement that have not been traditionally 
explored (e.g., the subtle fluctuations that occur from 

stride-to-stride, falling under the larger umbrella term of 
temporal structure of variability).

It can be seen that a number of individuals (Figure 
6), in fact, had greater stride-to-stride fluctuations associ-
ated with their preferred prosthesis, resulting in a negative 
change in LyE between conditions. Furthermore, the cor-
relation coefficient was less than 1, thereby dictating that 
other variables are influencing this relationship and 
account for the remaining variance. It is therefore very 
plausible that energy management dictated by the pros-
theses is also influencing the measures (e.g., perhaps 
while one prosthesis felt like it was producing a smoother 
motion, the other seemed to have a more efficient energy 
profile). This unexplained variance could easily shift 
preference to varying locations on the abscissa. In addi-
tion, a major limitation of the setup included a lack of 
blinding of the participant. It was visible to the participant 
which prosthesis they had on. Thus, we cannot eliminate 
the influence of feelings of the “latest and greatest” tech-
nology when being able to visibly see a carbon fiber, 
ESAR type foot and a simple solid-ankle-cushion-heel. 
Furthermore, because the participants could visibly see 
whether they were wearing the Rx or Ax prosthesis, we 
cannot discount potential feelings of ownership associ-
ated with the Rx prosthesis. All of this may also likely 
influence preference. Also, subjective patient report may 
not be entirely reliable, thus also adding variance to the 
correlation coefficient. Yet, as mentioned earlier, no stud-
ies have previously shown any relationships to prosthesis 
preference [6]. This is possibly because the attempt to 
group any of these mentioned factors to get a general 
trend is difficult because individuals may place greater 
weight on things like ownership or energy profiles. But, it 
seems there is a relative weighting with respect to stride-
to-stride fluctuations that is able to dictate a strong rela-
tionship. Thus, we are able to conclude a positive rela-
tionship between the stride-to-stride fluctuations of the 
motion about the prosthetic ankle and prosthesis prefer-
ence. Further work is still needed to improve this relation-
ship by accounting for the previous factors to hopefully 
increase the sensitivity of the LyE for proper prescription.

Participant Mr. Doe
One individual, Participant Mr. Doe, had been ambu-

lating on an ESAR type foot for his current Rx prosthe-
sis. This participant had been using his current Rx 
prosthesis for more than 30 d without problems. Upon 
arrival at the laboratory, he expressed satisfaction with 



681

WURDEMAN et al. Nonlinear dynamics and prosthesis preference
his current Rx prosthesis. However, after walking trials 
with both his Rx prosthesis and the Ax prosthesis, he 
reluctantly informed the investigators that he preferred 
the Ax prosthesis and marked accordingly on the prefer-
ence scale (subject noted with  in Figure 6). The calcu-
lation of the LyE showed a change in the LyE that was 
consistent with the other participants in regards to prefer-
ence. Whereas other individuals who had a preference for 
their Rx prostheses had larger LyE values when walking 
with the Ax prosthesis, Participant Mr. Doe had a 
decrease in LyE values when walking with the Ax pros-
thesis. It seems the movement pattern from the Ax pros-
thesis that is designed for low activity levels allowed 
stride-to-stride fluctuations that were more preferred by 
this individual. In other words, while Participant Mr. Doe 
would seemingly benefit from the many advantages that 
ESAR feet have been shown to provide [6,46], in his 
case, the stride-to-stride fluctuations resulting from use 
of the ESAR foot were not as in sync with his natural 
movement rhythms. This, however, is speculation as we 
did not quantify participants’ activity levels.

Lyapunov Exponent: Another Tool in Limb-Loss 
Rehabilitation

While we feel these findings have provided strong evi-
dence for the study of stride-to-stride fluctuations in indi-
viduals with amputation through tools from nonlinear 
dynamics, specifically the LyE, it is important to note that 
it should not be viewed as a single metric to define limb-
loss rehabilitation. The LyE, and possibly other measures 
of stride-to-stride fluctuations, should be considered 
important in the rehabilitation of individuals after amputa-
tion learning to walk as the changes in the LyE are mir-
rored by the individuals’ sentiment toward their prosthesis. 
However, the LyE may not detect certain changes within a 
prosthesis that can be characterized by more typical bio-
mechanical measures. For example, in one of the only two 
other studies to examine the LyE in individuals with an 
amputation while walking, Segal et al. reported no signifi-
cant differences in LyE for individuals walking with and 
without a torsion adapter [47]. Their participants walked 
continuously in a circle. It is very possible that a torsion 
adapter would not affect the stride-to-stride fluctuations. 
The participants could have fallen in the middle range, 
with no preference that would correspond to lack of differ-
ence in the LyE. But, as stated, the LyE measures the 
divergence of trajectories within the reconstructed attractor 
of the walking pattern. It is not concerned with overall 
magnitude of the movement. It is possible to have similar 

divergence of trajectories while having different sized tra-
jectories as would be allowed in the movement. In Figure 
8(a), two ankle time series from two different individuals 
display different magnitude differences (Participant A has 
greater range of motion than Participant B). Figure 8(b)

Figure 8.
Largest Lyapunov exponent calculates variance present within 

stride-to-stride fluctuations. It does not account for differences 

in magnitude of movement. (a) Two different ankle angle time 

series for two different participants. Participant A is walking with 

increased range of motion at ankle (greater absolute local max-

ima and minima) compared with Participant B. (b) Inspection of 

attractors for both time series embedded into three dimensions 

further supports fact that Participant A is walking with greater 

range of motion at ankle (seen through larger relative hyper-

radius of attractor). Yet, these particular time series for these 

two different ankles have similar divergence of neighboring tra-

jectories within attractor (Lyapunov exponent 2.27 bits/s and 

2.24 bits/s).

shows the attractors for these time series reconstructed to 
three dimensions for viewing. The three-dimensional 
reconstructed attractor for Participant A also spans a larger 
volume than Participant B; however, the divergence in 
these attractors is actually very similar at LyE values of 
2.27 bits/s and 2.24 bits/s. In Segal et al., it is very likely 
that the torsion adapter altered the magnitude of motion, 
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but did not necessarily affect the movement pattern within 
the stride-to-stride fluctuations [47]. The fact that the LyE 
is not sensitive to movement magnitude may further 
increase its importance as a prescriptive or outcome mea-
sure as it is not sensitive to the magnitude differences 
expected between different sized individuals, allowing for 
comparison across heterogeneous populations of individu-
als with an amputation. Yet, it is also important that tradi-
tional biomechanical measures that account for such 
magnitude differences still be examined.

Lamoth et al. [48] are the only other authors besides 
Segal et al. [47] to examine LyE in a limb-loss popula-
tion. Their study examined the LyE in a group of eight 
individuals with a unilateral, transfemoral amputation. 
They calculated LyE from an accelerometer attached to 
the trunk during walking under four different conditions. 
The comparison of LyE from an accelerometer attached 
to the trunk and joint angle flexion/extension is not possi-
ble. However, it is interesting that Lamoth et al. reported 
increased LyE values for the individuals with limb loss 
compared with the nonaffected control subjects [48]. 
This is consistent with a preference expressed by the cur-
rent group of individuals in this study for the prosthesis 
that had decreased LyE values, or values possibly closer 
to that found in nonaffected control subjects.

Study Limitations
This study has limitations that should be considered. 

First, participants were only given a few minutes to walk 
with the Ax prosthesis before data collection, which may 
not have been an adequate acclimation period. Such 
acclimation may have resulted in different LyE values for 
the Ax prosthesis. In order to compare LyE for the two 
specific feet, a longer acclimation period would be bene-
ficial. However, the purpose of our study was not to com-
pare the LyE values for two specific feet, but rather to 
relate the LyE to prosthesis preference. But, if it were to 
be presumed that acclimation would affect LyE values, 
then it would likely result in LyE values for the Ax pros-
thesis approaching values closer to those measured for 
the participants’ Rx prostheses, followed by a plateau. In 
addition, those prostheses initially at LyE values that are 
much further away from the value at which they would 
plateau would require more time/practice (i.e., more 
rehabilitation) before the person is fully adjusted to the 
prosthesis. Therefore, starting with a prosthesis that leads 
to a LyE value closer to the final optimal value could 
potentially constitute a prescriptive tool. Second, in order 
to increase subject recruitment, the inclusion criteria did 

not specify cause of amputation, which has been shown 
to affect biomechanical measures [8,49–50]. However, 
this limitation may also be viewed as a strength. Consider 
that failure to account for such a difference can mask 
results in studies using more traditional biomechanical 
measures that average multiple steps to get a single repre-
sentative step; yet our results showed a strong relation-
ship in a heterogeneous population of individuals with 
amputations. This seems to indicate the robustness of the 
LyE in gait for individuals with amputation, a require-
ment for any potential prescriptive tool or outcome mea-
sure. Furthermore, we have found significant findings at 
the prosthetic ankle, which for the majority of prosthetic 
feet does not represent a true rotation but more of a 
“bending.” Yet, it is this bending that serves to recreate 
ankle plantar/dorsiflexion, and it is the consistency of this 
movement that appears related to prosthesis preference. 
This significant finding in the bending motion also has 
the additional benefit of not being as heavily influenced 
by ankle joint location as would be the case for tradi-
tional kinetics and kinematics, especially as seen in 
inverse dynamics [51]. Similarly, this lack of emphasis 
on joint location may also help to overcome natural limi-
tations associated with motion capture for limb-loss gait 
[52]. In addition, we have correlated a change in the LyE 
with prosthesis preference; however, the minimal clini-
cally important difference for the LyE is not known [53]. 
Future work should determine this difference pertaining 
to more traditional functional measures such as the 6 min 
walk test and the timed “up-and-go” test.

CONCLUSIONS

In conclusion, individuals’ perceptions of their pros-
theses seem to be related to the stride-to-stride fluctua-
tions at the prosthetic ankle during gait. This was also the 
case for an individual who ultimately preferred an Ax 
prosthesis over his own Rx prosthesis that he had been 
ambulating with for more than 30 d without any prob-
lems. This study is the first to find a biomechanical mea-
sure related to prosthesis preference. A large body of 
work is needed to further determine the proper imple-
mentation in the clinical setting. For example, is it only 
possible to use the LyE when comparing prostheses or 
can we compare to a threshold? Thus, future work is 
needed to better understand the benefits associated with 
decreased fluctuations from stride-to-stride at the pros-
thetic ankle for individuals walking with a prosthesis, 
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possibly discovering a threshold for positive outcomes. 
Future work should also be aimed at addressing the 
effects of acclimation to a prosthesis on the LyE as well 
as examining which joint is influencing the patient’s pref-
erence for those individuals with amputation levels other 
than transtibial and beyond unilateral.

Clinically, we believe that the examination of stride-
to-stride fluctuations using nonlinear methodology can 
eventually become a routine practice among prosthetists, 
therapists, and physiatrists to examine the functional out-
come of prosthetic rehabilitation. This, in essence, would 
be for these clinicians what measuring heart rate variabil-
ity using Holter devices is for cardiologists. We similarly 
foresee this to be an easy procedure, which will be based 
on the use of a handheld and wearable device that can 
acquire data while the patient is walking. The data from 
the wearable device (e.g., adhesive electrogoniometer) 
will be downloaded to the handheld via wireless technol-
ogy for evaluation. The software loaded on the handheld 
will be able to analyze the data with nonlinear methodol-
ogy (i.e., LyE). In this fashion, the rehabilitation team 
will be able to assess the patient’s stride-to-stride fluctua-
tions due to his or her current prosthesis in terms of pre-
vious prostheses or a normative database. Furthermore, 
current trial periods associated with new prosthetic feet 
lend themselves to quickly making “in-office” assess-
ments among multiple prosthetic feet. Based on these 
evaluations, combined with more traditional assessments, 
recommendations for rehabilitation or prosthesis changes 
can be provided.
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