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Abskract--The reilrrlt., of t h ~ s  arr;tlytlcal \ludy of wheel- 
charr wheellc performance can be summarlzed ~ n t o  two 
wheelcharr desrgn cquallon5, oi ~ u l e s  of thumb, as cle- 
velopccl in the paper. The cquatlon conta~i~ing the s~gnlf- 
rcai~t parameter s rnvolved rn popping a wheelle for curb 
cl~rnblrrg 1s: 

where,f;, is handrirl~ force, 111 is the mass of the wheelchair 
i- riser less rear wheels, g is acceleration of gravity 
(9.807 rn/s2), and 8 ,.,. is "c.g. atlgle," i.e., the angle 
between the vertical through the rear axle and a line 
connecting the rear axle and the system center-of-gravity, 
Equation [A] shows that reducing the mass andlor the 
c.g. angle will make i t  easier to pop a wheelie. The c.g. 
angle is reduced by rnovir~g the rear axle position forward 
on the wheelchair. Wheelre balance is the other aspect 
of per-for-mance considered; where the user balances the 
wheelchair on the rear wheels for going down curbs or 
just b r  ~ L M .  Thc ease with which a system can be 
controlled (balanced) i s  related lo the static svdbility of 

the syskem. The sZ'AI'IG st'dbi\lty IS defined as: 

to the srdel'rame. Fol bettei wheelch;iir conilol during 
wheelchalr balance the 4tatlc stab~llty rhould be reducctl. 
Measurerner-rts of the value fol the polar ma\$ nloment 
of rnertia f a  a typical wheelchalt i- user of nz = 90 kg 
was found to be J = 8.7 kg-m'. In order to decrease the 
value of the sratlc ~talsrlllty, Equatio~l [B], one can Increase 
.I or decrease m andlor i ,  where 4 I \  the drstance from 
the rear axle to the c.g. of the sysiern. It is al\o shown 
that balancing a rod rol the paln~ of the hand (rl~vel-tcd 
pendulnm) i \  a inathenldt$cal problem Ilrn~lar lo the 
wheelle h~t'iance problem, nnd a rod of lerrgth 1.56 meters 
1s slmilar to a wheclchar~ i user sy5lern mas., of 90 kg 
However, balanc~ng a roc1 1s done prlrnarily by uslrrg 
vrsual perception, whereas wheelie balance involves hu- 
mailjolnt propnoceplor \ and vlsual plu\ vestihulal (~r~ner-  
ear) perception. Thus, a simple test of detemrnmg the 
5llortest length ot iod one can balance an the palm of tlix 
hand (plur lrreasui rng I~andr-im force capablllty and slmplc 
reaction lame) rr1;t.y lndrcdte if a wheelchalr user will fintl 
rl easy to do a wheelie ba1;ulce. 

r r ~ g  V 
W7 = - 

.I IR1 Observation of the performance of a wheelchair 
athlete doing the wheelre maneuver for climbing a 

wl~ere J is the mass 111oanenl of inertia at the center of balmcrrrg on the rear wheels suggests fiat 
gravity of the sybtem aborri the direction perpendiculal both handrim fclrcc and body manipu,a"rlon 

*Supported by the Nat~anal Xnst~t~rtc of F-landtcapped Research, 
are important. Once the athlete is balanced on the 
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maintaining balance seems lo lake place by handrim 
forces. Considering the latter situation as the sim- 
plest case of interest, i f  js possible lo investigate 
mathematically the conditions for \tabi'lity, using 
the techniques used to solve the inverted pendulum 
problem (5). 

There have been a nulnber of studies of biped 
stability which make irse of the crlre degree and two 
degrees-of-freedom inverted pendulum problem5 
(9,10). The general outcome i s  that a variety of 
feedback signals can stabilize biped ~nodels of this 
kind, and that there is a limit an the choice of signals 
rlecessary for stability. Thu5, it seems rearonable 
to approach the wileelre stability problern by making 
use of the invefled pexrdrrlrlna axralysia a\ developed 
in this paper. 

13alancing a wheelcl-rair on its rear wheels is a 
metastable equilibrium problcm. When btilar~ce be- 
gins to be lost, the center of gravity oftlae wheelchair 
and user will rotate away froan Ikre equilibr.icrm point, 
whicl-r is directly above Ihe axle of the sear wheel\. 
The user mlkst react lo thc loss of balance by 
exerting a force on the handrims to move the r-ear- 
wheel axle back under the center of gravity of' the 
wheelchair + Liser. Point 1"" must movc with respect 
to tlie inertial coordinate system X V ,  s l~own to the 
left of the wheelchair. 

Free body diagrams of the wheelcllair II- user ar-rd 
r-ear wheels with the appropriate force4 and iner-tial 
reactions are showrl in Figure 2. 'TI-nic, is a two- 
degrees-of-freedom model in its simplest form; the 
differential equations of motion will be considered 
in the next seclion, 

MODEL 
EQUATIONS OF MOTION 

Figure I d ~ o w s  the geometry of the wheelchair 
wheelie balance problern. It  will be ass~xnled that In  the analysis of the problern it will be assumed 
the initial balance state has been obtainecl, but the that the axis, which is the rear wheel axle, ir 
results will also apply for "popping" a wheelie. esrentially frictionless. At first, it will be a\\urned 

that the dynarnic response of the person balilr~cing 
the wheelchair i s  fast enougl~ to allow u\ to neglect 
response delay. Later, respox~se delay will "o econ- 
ridered as a part of the man-machine control re- 
quirements. Also, it is assurnecji that wheel slip i\ 
zero, and that the force capabiliQ limit  of the u\er 
is not encountered. 

'The analysis is similar to that preser~ted by Cannon 
(3) or Elger-d (7) for- the $tick. balance problem or 
ir-rverted pendulum. A l  some in\larrt of time, the 

Figure I 
Geornetl y of wkreelchalr "wheelle" 
balance problern 
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wheelcl-rair r- uier has been drsturbed from the Apply~ng Newton's Second Law of Motiorr to the 

equilibrium po\itlon by a small angle H ;I\ &own in wheelchair k user free body dizigranr in Figure 2. 
Figure 1. The acceleriltion of the wheeichiiir i- usel- with the a d  of Eqoirtlon [?I, and t a k i ~ ~ g  the S 
m:\\c, at point Q,  the center of gravrty, rs complicated componerrt, grvei: 
since the wheelchair -k user mass rotates as well 
as translilte\. Tkre vector positron of point Q ill: nz(X -i- t8 cm 8 - t 8 G i n  0) ---- ( - jl, 141 

r(, = r,,Y + (r,t \rn 8 t cos 8) [ I ]  Again, con\rder the free body diagram of the 
wkreelc'l-riur -k uier a\ shown in Figure 2. Taking 

where r ,  and 1 ,  are unrt Vector\ I l l  the irlertlal moments Libtruue P and u;$rng Equatron [3] g1ve.l: 
reference friraane. 

Diffirent1;ding Equation [ I ]  twice with respect to J ( i  + + 

time gives the acceleration of point Q as: 
-- n?gt \in O -"r R,, (;, = 0 L.51 

era = l x ( X  -+ 40 605 6 - to2 \rn 6) where 9 r i ,  the polar rnornent crf rnertla of the 

+ l (  - 8  0 - 6 0  121 wheelcladrr -t user, let5 rear whecls, about the 
center of gravrly (Q:)) 

Uislaag the RTcoor drnale \ystern In Figure 2, wkrer e The problem can be \slr,pllfied by ui,rrrg the small 

r , ,  E,? unrl vec;Sar\ In the \y\ tem9s fixed 1 efel ence ~1"&1" assumptions of 606) 0 =" 1 ,  \In 6 = 6, 
fi,irne, tqriar~on [2] can be trmylrfiecl to. C1O2 = 0 rn Fdqu;ilroni [dl and [S]. Also, the S ; U ~ S I I -  

tubon for f - J,, = (, =- (,7R,,IR,, rn Eqrxation 24.1 ns 
L ~ Q  = l1X l 1  (0 4 tR ( - t o 2 )  131 b u n d  by nldlang ux o f t h e f r e e  body dtag~am 

analysri shown an Figure 2 It r i ,  also a\su~ned that 
c rs neglngrble, and f ,  cos 6' = f ,  lrnce 8' < 8. Tile 
equatronl for lhc coeficnent of rolling resrstance I \  

r =. f,,R,, IF,', wllere for typical wlnee1ch;ur tlr el., 
W r: = 0.002 nn(0 078 rn ), see reference (13). The 

wheel rnerlra force and morner~t as-e a\sumed neg- 
1rgr"ole 111 ct)naparl\on w ~ t h  the other force\ and 
rnonrents of the wheel 

( T R A C T I O N )  

Figrnre 2 
Free body draglam\ oi wheelchLirr wy4iem 
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Pedorming the substitutio~~s into Equaliorrs 141 
and [5] gives the .Tollowing pair of linear, second 
order, differential ecluations: 

Substituting W from Equation 161 into Eqrration 
171 gives: 

Equation 181 i s  the fundaxnental equation of motion 
governing the wheelie problern for ;z wheelchair -c- 
user. This equation is ofthe same form as that found 
for the directional instability of a rear-caster wileel- 
chair (12)" 

The right-hand term of Eq~~sttion [81 i s  the torque, 
T,  applied by the user, \?itrich acts about tlae center 
of gravity of Ihe wlrcelchair -i- user system tending 
to restore the axle To the eqrrilibr-iurn position directly 
below the center of gravity. If the user does not 
apply a handrim force, Eqirallon [MI and physical 
reasoning predicts that tlre wheelch;iir i- user will 
angt~larly accelerate to the horizontal due to gravity, 
and balance is obviorrsly not possible. The -mgtC) 
term is characteristic of an unstable 5ystern. If this 
term were posifve, the equ;~tion wolllcl apply to an 
oscillatory system. For the purposes of discussion, 
it is convenient to s~lbstitute w2 for mcqt/J in Equa- 
tion 181, although this term obviously does not 
represent thc us~lal concept of natural e'requency. 
Also, lettirrg T = .l;,(R, + &R,,IR,, 1 recrnlls in: 

The solution to Equatiioll [IS] i s  pr-esented in 
Appendix A, ancl the application to the wheelre 
problem is given in the RESUI,TS section of this 
paper. 

WHEELIE BALANCE 'TRAlN1NG 

Learning to do a wheelle balance was fot.,undi to 
be easier on the new ligl-rtweight wheelchairs that 

have tipping bars to prevent f~ilPing backward. 'The 
l~erthars found that removing the footrests ;it fir4t 

made it easier la perform the wheelle maneuver. 
Adjusting the main axle location forward towiird the 
plane of the center of gravity of the wheelchair i 
user also helped. 

When one is initially trying to maintain a wheelre 
balance, there is a tendency to overreact. Yotrng 
and Meiry ( 1  9) describe this aspect of mar~ual GUI";II.UI 
as ""bag-bang" control. Barrg-bang fcedback con- 
trol systems, also called off-on control, are used to 
control lrlgkr order sy5terns S U G ~  as the wheelchar1 . 
However, this rnetllod of controR cau\e\ the wheel- 
chair + user to rock back and Li3rtl.r continuou.;ly 
about the metastable equilibrium position of biilance. 
If, instead, one rnaltes an effort 1s apply a contin- 
uously variable control force to the wheelchair 
hanclrims, it is possible to control the wheelchair + 
user balance in a much \moother fit,hion, with Inore 
timc spent nearer the wheclie balance point. It was 
bund  that several nninrrtes of practice are required 
to develop a feel for exerting a continuously variable 
correctl;on force, and that per-qons who have good 
nlotor coordinatior~ can learn lo nlaintalla a wheelie 
balance for several seconds alllcr a practice period 
of 15 to 20 minutes. 

We are interested in a mole quantitative an;zlysis 
of the wheelre balance problem, and z i  cliscussion of 
man-macl-rinc controls is considered next. 

MAN-MACHINE CC)NrII_'IROL SY STIIIMS 

There are many conlrnora man-machine systerns. 
For exanrple, steering an automobile dernor~str-ates 
the ability a1 man to act in a continuous adaptive 
control loop. Li (14) has pre5ented a block diagrarn 
of the human sensors in vehicPc control, also shown 
in Figure 3. 'The same control problems are encoun- 
tered in using a wheelchair, and especially in being 
able to perform the wheelie maneuver. 

Li (14) finds that in vehicle control, I~urnan visual 
motion rate perception is augmented by the vesti- 
bular sense of the ear which allows better perl'orm- 
ance than could be obtained using visual observa- 
tions alone. Movements of the head cause the 
gelatinous mass in these vestibula to move, which 
deflects sensory hairs that stimulate a5sociate nerve 
fibers. These nerves, in turn, infornrr the brain of 
the position of the head, Consequently, thc brain 
sends control signals to the skeletinl muscles to 
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control balance. In acldition to vestibular perception, 
the eyes play a very important part in the control 
process. It i s  reported (11) that a person who has 
suffered danlage lo the vestibule of the ears can 
nlaintain normal balal~ce as long as the eyes ren~aln 
opened and body nrovement is performed slowly. 
Other sensory organs that aid In control are the 
propnoceplurs ashocia ted in tllz jojllts of the body. 

Consider Figure 3, where the eye observes a 
display and can sense position, velocity, and accel- 
eration relative la stationary surroundings. At the 
same time the arrditory vestlb~llar systern experi- 
ences the effects of gravity and acceleration and 
both systems aid in the control problem. There is a 
limit, however, to the corrrplexity of the man-ma- 
chine system which can be controlled. In the case 
of three-dimensional motion, bizarre effects of the 
auditory vestibular system known as disorientation 
can also occur. For the wheelchair wheelie problem, 
some indication of the difficulty of control is inferred 
by examini~~g the inverted pend~~lurn problem. Can- 
non (3, p. 707) finds that solid stability of an inverted 
pendulum requires a lead-rretwork technique for 
control. The lead-network not only uses the control 

inprrt of angular positiora, but, in addition, applies 
input frorn the angular velocity of the inverted 
pendulum. This suggests that a wheelchair user who 
cannot sense velocity worrld find doing a wheeliie 
balance very difficult or impossible. 

Addillonal inform;ition concerning the man-rna- 
chine control pr.oblem i s  availaMe from studiec of 
pdot-aircraft perbrmance. Young ( 18) has collecred 
data on controllability of aircraA as a f~rnclion of 
systern parztmeters related to a second order differ- 
enha1 equation, and his results are shown in Figure 
4, The relevant differential equation is written as 
follows (15, p. 35): 

where 250 i\ the danlplng coefficient and wQs the 
static stability. As mentioned with respect to Equa- 
tion [9], when the sign precediirlg o' is negative, the 
system is described as inherently unstable. 11: is 
possible to overcome the ll~stabillty by proper input 
of the forcing fk'rrnction in Equation 1101. 7'he wheel- 
chair wheclie problem, with negative w? and zero 

OTHER INPUTS 

POSITION AND 
ORIENTATION 

I "IjUMAN OPERATOR" 
L" - - J  

Figure 3 
The Human Operator in Vehicle Control, after Li (8). 
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Figtare 4 
Evaluat~oal of longrtuclrnal handllr~g qualrtie\, high \geed aircraft. launch vehicle\, ,ind VTOL a ~ r c ~ a f i ,  airer V o ~ ~ n g  (10) 

250 (see Equation [91) Pillc, in the region of great 
ctrntrol dlffictllty. However, the wheelre problem 
lnvolvcs fewer degree\-of-l-'reedon~ than a pilot face5 
using aircraft controls. It is al,o shown in Figure 4 
that the pilot's own motion .i\ important for- contrcrl. 
Pilot motion refers to control when the pilot is in  a 
sinrularor as opposed to cor-rtrcrlling Clan crut\ide the 
simulator. 

AItho~igh a typical wheelcl-rair wli~eelie problem 
fails in the ~lnacceptable or. uncorrtrtrllable regiorr of 
Figure 4, it i s  apparent that the wheelcklaia- wlieelle 
balance nlanerrver I s  easily learned by many wheel- 
chair users. This suggests that pilot-aircraft control 
information is not strictly applic~zble to the wheel- 
chair wheelre problem, but it i s  believed that the 
trends are applicable. 

For desiigl~ purpose\, Figure 4 shows that changing 
the static stability toward the positive direction will 
inrprove control, and increiising the dtlrnping will 
also improve control. 

Based on the solutior~s in Appendix A, calc~ilations 
of wheelchair angular response Venus lime and 
handrim force are plotted. The problem, conqidered 
are: I )  ""popping" a wheelle, and 2) wheelic balance. 
Fir-rally, a stick balance system with the same pa- 
r-zimeters a\ a 90 = kg wlreelchair + u.;er- ill presented 
as a simpla: device to determine if a uscr can develop 
suficient wheelre balance skill. 



1. Popping a Wheeli-When the wheelchair is in 
, hOr:,,,taI with all wheels on [he mund 
and stationary (or moving), the user must exert a 
qrrick force on the handrin~s in the forwarcf direction 
in order to cause the front of the wheelchair to  lift 
(rotate ahorrt the rcar axle). This effect is drre to the 
inertia of the wheelchair + user. The manerrver is 
very erkctlve for going over- road curbs and other 
obstacles. The equation describing this motion is 
presented in Appendix A, as Equation [6A]. For the 
test wheelchair i- user, the initial conditions and 
parameters needed lo solve Equation [6A] are given 
in Appendix B, Table BB, The caster wheel force 
falls to zero rapidly and has a negligible effect on 
the solution. Substitrrting the appropriate valrres 
from Table B1 into Equation [6A], the whcelie pop 
equation becomes 

A plot of Equation 11 11 i s  shown in Figure 5 ,  
where the angle 8 i s  shown to decrease with time 
when a sufficiently Large handrinl force i s  applied. 
For- a particular usen- who can apply only a total 

bandrim force (with two hands) of264 N (59 pounds), 
the theory predrcts that this force is too low to cause 
the front of the "$ kg (198 pounds) wheelckir -4- 
user to 1Yfi. Brubakem. (2) has nleasured maximum 
handrim force for five subjects (forrr able-bodied 
and one paraplegic) who are young and ;ithletic, and 
found the averzrge handrim capacity ral~ged from 
454 N ( 102 pounds) lo 645 N ( 145 pounds) depending 
upon the handrim design. Thus, it would be predictecl 
that these wheelchair users would find it easy to 
pop a wheelre from a stationary start. 1C the wheel- 
chair user can also rnove his torso backward, thereby 
reducing 8,,, so as to rnove the c.g. back toward 
the rear axle, the force necessary to pop a wkleeliie 
can be proportionately reduced. 

2- Wheelie Balance-The wheelie balance prob- 
lenr, once the user. has popped a wheelie and has 
brought the rear axle ~ ~ n d e r  the center of gravity of 
the wheelchair i- user, will depend on the dynarnic 
response capability of the riser to rxnaintain a balance 
position. Since the wheelie balance posttior1 of = 

0 i s  a point of metastable equilibrium, any slight 
deviation will cause the wheelchair to f i l l .  The user 
must respor~d properly and in a tin~ely manner with 
suficier-rl: harxdrirn force depending on the direction 

.I 

0 
C) -14) .I 5 .20 .25 

TIME ( see )  
Figure 5 
Popping a Wlreelie: Angle 0 vs. t ime for harrdrim force applied 
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of the fall. As the wheelchair + user is restored to 
the eequi\ib;briurn wheelre balance poslhon, "ie user 
must be able to adjust the handrirrl force so as not 
to overshoot the balance position. 

The balance problem Is analyzed in two parts. 
First, the falling motion of the wheechair $- user is 
considered during the delay reaction tlme of the 
user, and second, the handrim force llecessary to 
recover a balanced position is considered. 

Factors afkcting reaction time of human subjects 
are discussed by Frost (8), who finds that reaction 
tinre to a discrete stimulus is one of the leas1 
~lnderstood Ficets of human belraviior. Every vari- 
able affecting human behavior, such as fatigue, 
motivation, etc., will affec"lr.eaction time. Frost 
gives a range of reaction limes for various senses, 
where those that are applicable to wheelie balance 
are touch (with to = 0. I L to 0.15 seconds) and vision 
(with to = 0.15 to 0.20 seconds). A study by Do, 
Bouisset, and Moynot (4) of 8 able-bodiecl and 12 
paraplegic (T4 level) sub~ects perfirming a simple 
arm movement task of moving a weight on a table, 
reported that the average reaction delay tlme meas- 
ured fiom first muscle twitch to beginning to move 
the weight, for able-bodied sub-jects, was 0.078 

seconds, while for the group of par"ple&ics it was 

0.111 seconds. A simple reaction-Gme expeAment 
of lifting a weight at a light signal gave results in 
the 0.20 to 0.25 seconds range for. scveral able- 
bodied students in this laboratory. 'The data suggest 
that a wheelchilrr tlser will have a reaction time of 
no less than 0.1 seconds and, probably, as long as 
0.2 to 0.3 seconds. 

For the calculation, it is assumed that an arbitrary 
but very small deviation from the balance position 
occurs, 8, = 0. l rad (5.7 degrees) with 4 = 0 and 
T = 0. The eqtration describing the angular rotation 
of the wheelchair + user is given in Appendix A as 
Equation [6A]. Substitutirrg the system parameter 
values given in Table I l l  into Equation [6A] gives 

where t< = to. After a time corresponding to the 
reaction time of the user, the user is assumed to 
apply a handrim force lo counteract the fall from 
wheelie balance. The rrlotion of the wheelchair + 
user is now governed by the solution given in 
Appendix A, Equation PA]. For this part of the 
analysis, it is mathenlatically converrient to let 

TIME 
Figrrre 6 
Wheelie bala~~ce recovery angle vs. tlmc for. three values of human re,ponse delay time 
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where 1 < rz < 2. Substitrrting Equatior~ [I31 into 
Equation [9A] results in 

where 2' - 0 at lo,  Le., 1 = I,, -i- I ' .  
Since T/(,4u2) = .1(;,1528 rad for the test wheelchair 

+ user sy%tern, Equation [ l J ]  can also be used to 
calctalate the handrim force, By trial and error, 
lettii~g n = 1.05 gives reasonabale results, and 
Equations [I21 and 1131 can be plotked for three 
valrres of user reaction time as showr~ in Figrrre 6. 
In Figure 6, time proceeds from the beginning of 
the fill away from equilibrirrm balance and there is 

Figrrre 7 shows the force required to produce the 
response \hewn i n  Figure 6 as a function of reaction 
lime. As would be obvious fronl cor~sideration of 
the model, the shorter the delay reaction lime the 
smaller the handrim h r c e  llecessary to recover 
wheelie balance. 

3. Inverted Pendulmmr--The fact that the wheelle 
balance problen~ has the same governing dlil'ferential 
eqeration as the inverted pendulum suggests a sim- 
ilarity between hand-balancing a vertical rod and 
wheelchair -i- user wheelre balance. 'The governing 
parameter in Eq~lallorr 191 is o2 = mgYlJ. For a rod 
of  length 6, = 2$,  the polar mass moment of Inertia 
about its e.g. is given by 

no user handrim response rtnlil the reaction lirne is 
Solving P : c ~  rod length, L, and r~sing w" 36, one reached. Beyond the reaction time, it i s  assumed 

that a constant handrim force is applied to re\tore 
the wheelchair i- user to the balance position. The h" 
u\er must be able to adjust the re\loring handrim L = 6-- == 1.56meter.s 

to-' I161 
force so as not to overshoot the b a l a ~ ~ c e  point. 
However, this aspect of the problem has been as the length for a rod with si~niilar stability char- 
ouritled as being beyond thc \cope of the paper. acteristics. 

HUMAN REACTION 
Figrrre 7 
Wheelre balance recovery Piandrim force v5. reaction time. 
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Figure El \bows a schematic of this problern. 
Limited testing with sever;bl ;ible-bodietl gradrxate 
students showed that a 1.56 m (61 inch) rod i\ hirly 
easy to hand-balance while standing or silting, and 
that some sudents fo~lnd i t  pcrssible to balance a 11 
3 rn ( 13 inch) rod after a number ol: praclice se5sions. 
These strrclents were also able to learn to do a 
wheelchair wheellc balance, more or- less, a f e r  
several practice sessions. Later, with much expe- 
rience, two students found thay co~lld do a wheelie 
balance with their eyes closed . An active p;lmplegic 
was also able lo do a wheelie balance with eyes 
closed . 

The shape of the rod has not been studied exten- 
sively, but it wacl found easica to bitlance ;L thin 
blacle (8 crn wide) than a tlrrirl rod, both of the 5ame 
length. The blade tends to limit the in4taility to one 
dimensior-r, wlniclr is similar to the wheellie balance 
problem. 

Although a~rditory vestibular i en \e \  are not in- 
volved, the visual perception needed to hand-bal- 
ance a rod, along with a measurement of one's 
handrim force c~rpaeity and reaction time, may be 
measures of a ~lscr's potential ability to clo a wheelie 
balitnce. More work is needed lo verify these sug- 
gestions concernir~g the applicability of similar sys- 
tern measurements. 

Figtrre 8 
Similar wheelie balar~ce system. 

WHEELCHAIR DESIGN EQUATIONS 

11 1s always useful to have 4snlplrfied eqrratroni, 
that will give thc ger~eral trends or ""nolec of th~rmb" 
for design purposes. CSne aspect of interest in thil; 
paper is the effect on design of the force r-reces\ary 
to pop a wheelie. Thir information i s  containecl in 
Equation [6A] itlong with the measrrrements of the 
system given in Figure 9, 

11 i s  ass~rrned that it i s  desired tcr pop a whee'lie 
in order to place the caster wheel5 on a 10-crn curb. 
'This involves applying a I-randsin~ force so a\ to 
raise the front ofthe wheelchair rrrfficiea-rtly. Starting 
with Equation [6A], and considering the problem of 
curb cmimbing, the ~n-itial conditions are the ""i:.g. 
angle" of 8, , =. 0.5 rad (28.7 degrees) and 8, = 0. 
The final conditiorr. i s  the ""pp-zingle," O,, = 0.20 
stid (17.2 degree\) for a 10-cm curb (4 inches). By 
adding and subtracting 8,, on the r xght-h;lnd side 
of Equation [6A] the fc3llowing uwfi11 equation is 
obtained. 

Examining Equation [ 17 1, we 5ee that (8, , - O,,) is 
positive, and the only way the right-]-nand side will 
be positive is when 

Axr additional cor~dition Is needed and It car1 be 
obtained from Figure 5, There, it i s  5hown that the 
handrilar k r c e  required to pop a wheelre in a rea- 
sonable length of time (0.25 seconds) rs about 133 
percent of the n~inirnrrrn force. Substituting for 7'1 
(Jw7) in Eqllation 1181 Roan Equations [R ]  and 191, 
and lrsing dimensions for the test wheelchair, gives 

Equation 1191 shows that rcducing the mass andlor 
the ""cg. angle" of the wheelchair will reduce fj,. It 
can be seen from Figure 9 that 8,, can be reduced 
by moving the rear axle pnsitlasr forward toward 
the plane of the @enter of gravity. 

Another design aspect of tlris paper is wl~eelie 
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balar-rce. As \hewn in Figure 4, the ease with which 
a system can be controlled is related to the static 
stability. The wheelchair + user has a negative 
static stability given by 

where s n j  = 9. Kedrrcing o2 by decreasing e ,  the 
distance from the axle to the c.g., will lead to easier 
control of wheelre balance. This restllt for the 
wheelchair sy.?hern appears to be contrary lo prac- 
tical experrerace, since a longer rod i\ ea\ier lo 
balance. But the ier~gth of a rod affects the specific 
polar moment of inertra of the rod, \uch that a 
Longer rod give\ it 5maller oL. One 4110~ild co~~s ide r  
the whcelclrrair problem as berng the balancing of a 
fixed rnass on the erad of an essentially massle\c, 
rod. 1x1 that case, shortening the lel~gth of the 
massle5s rod will Improve the balance control, in 
accordance with Eqrratlon [20]. 

A mathematical ar-raly\ir of wheelchair wheelie 
per-fornrance based the classical inverted pen- 
dulu111 problem I5 pi e\ented. The inverted pendrtlrrrrl 
appears to represent a reasonable model for wheel- 
chair- wheelre maneuvers. The result\ can be used 
to predict l~andrlrn force necessary to pop a wheelie 
as well a \  maintaining wheelie balancc. 

Balanclnrg ;in inverted pendulum roc$ of 1.56 nn 
length in k11c p;dlm of the hand i s  shown lo be a 
problem mathematically similar lo the wheelie bal- 
ance problem for a %-kg wheelchars -i- user. 'This, 
plus the wlleelie balance solution, stlggests that 
simple tei,ts of deken-mrrrrng the lcraglh ofthe \horte\t 
rod one can har~d-balance, me;tsurenaenl of handrim 
force capabrlity, arrd measrrrernent of human reac- 
tion t ime, xnay rr~dlcate whether a perwon will be 
able: to perftjrraa llre wheelie balance maneuver. 
kiowever, more work is needed to e5tabliib \uch a 
testing protocol, 
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APPENDIX A: L6A7 describes the ar-rgular motion of the wheelchair 
DIFFERENTIAL EQUATION SOLUTIONS + user up to the time when a corrective hanrdrirn 

force is applied. 
Consider the solution to Equation [9], where As wheelie balance i s  lost, tire user will apply a 

Equation [g] represents the rotation of the wheel- c ~ ~ e c t k e  handrim force after some reaction delay 
chair + user on the rear axle durillg a wheelie t h e .  A solution to equatior-r [4A] the problem 
maneuver. Equation [91 is repeated as [1AI. after a handrim hrce is applied i s  found by using 

- 
the hllowing initial conditions. Substitutil~g the 

Where 

and 

reaction time to into Equation [6A] and letting 8,, = 
'IA1 0 and 7 = 0, gives 

Taking the derivative of Equation (6A) and letting 
8 ,  = O and T = O r e s ~ ~ l l s  in 

Using Equations [7A] and [#A] as initial conditions 
Assuming the handrim force .f;, is a constant, the in Equation [4A] leads to the following solution 

simplest case of interest, Equation [IA], has the 
well-known solution (see reference 1, pages 2-50), 
of 

The boundary conditions at 1 = 0 are 

8 = Oo and I )  = bo l5AI 

By solving Equation [4A] with the initial condi- 
tions listed in Equation [5A], the solution equation 
describing the angular response of the wheelchair 
+ user is 

When the wheelchair is horizontal, and when it 
is either stationary or moving, Equation 16/41 can 
be used to predict the handrim force necessary to 
pop a wheelie. 

The next problem of interest occurs when the 
wheelchair is at the wheelie balance point and is 
disturbed from equilibrium. In this case Equation 

where t,, = user reaction time, and I' = 0 at r = 

to, i.e., t = t,, + t ' .  
There are other, rnore complicated, cases of 

interest which would involve the man-machine as a 
closed-loop feedback control system. This would 
require consideration of the handrim force as a 
knction of position and velocity. For our purposes, 
it is surificient to consider the simpler problenls in 
which the handrim force is a constant, at least at 
the beginning of any response. 
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APPENIIIX B: 
WHEELCHAIR-USER PARAM6ETERS 

The analysis of wheelchair- wheelr'es perforn~ance 
requires sever;il wlaeelct~air i- user mea\urernents 
not normally av;trlable from the manrrfi~cterrers' lit- 
erature. These parameters are thc location 01 the 
center of gravity, and the rrla4s momer~l of inertia 
about the e-axk. 

7'he center- of gravity ancl polar rnoxnelll of inertia 
of t i le  wheelcl~air with the large wheel\ removeti 
was deter-mirrecl enl;hg the torclional pendulurn method. 
For thrs, the w"neelcl-r;lir- was suspended on itr side 
at the c.g, by a steel rcbd 3.18 man O.D., length of 
851 mnr, and a nnea\ur.ed tor-5anrr1al \pr-ing constant 
of 0.889 N--m/rad. The mass and n;~tun.al freqrrency 
were meauured ro predict the rnertla of the sy5tern. 
A 75 kg IS0 Dtlmrrry (17) in a vertical-back seatecl 

po\ItIon (Figure 9) was measureti for user paranre- 
ten-5. 'The r~~e lhod  ured was to calculate the c.g. and 
moment., of inertia of the IS0 Dunlrny conlponents 
and calculate a composite c.g, and moment of inertia. 
Tl-rese calerrlatitrus were prep;u.ed by Uerffcy (6). 

U 4 n g  the pzrrallel axis theorern, the c.g. and 
rl~ertra of the \yste~n Miere c;ilculnted. The results 
of c i i lc~nat l~~~cl  are showra rn Figure 9 :rrld li\tecd 
in Table B l ,  

Table B1: 

Test Wheelckrair Parameters (see Figure 9) 

90 kg ( 198 pounds) 
371 nmn (14.6 rnchelr) 
305 nmn ( I 2  inchelr) 
279 rram ( 1  l inches) 
8.7 kg-m' (0.4 Ib-ft-i'l 
0.5 rad (28.7 degree\) 
37.6 s ' 
394 r r m  (15.5 ~ncklei) 

whecl rnerlaal force, M 
rear axle force, N 
ht~rrdrnrn furce, N 
slcceleratlorr of gr.avity, 9.807 m/s2 
L r r l r d  V C C ~ C ? ~ . " ~  1x1 

polar nromenl: of  nnertra, kg-na' 
\pecific polar n~carnlent of unea-hia, 

kg -mykg 
length of stnck, r r ~  
axde to c.g. length, rn 
rnertrzll monrent, arewton-meter5 

(N-lTI) 

wheel rr~ertral moment, N--rn 
wkreelcharn- t Irsen Le\\ rear wl-reeXs, 
lI l i94\ ,kg 

w a r  axle pornt 
system1 center- of gravity point 
coordinate, rn 
&-l;rmclrirn radius, rn 
rear wheel riidius, rn 
rnslant racdrus lo Q ,  r a ~  
ctrordrnate, nr: or torque, N--rrr 
t i n ~ e ,  (sectra-rcl\) 5 

time after- to, s 
huxnan reactiol'i tarne, s 
cc~cprclilrate, rn 

velocity, rnis 

acceler-abrorm, m/s2 
coorclil-rate, rn 
coortlnnate, rn 
coeffic~enl of n-ollirrg r-eri\lance, m, 
damping FicIor 
c.g.-itnple, r-ad (see Eqrailtron 6) 
pop-angle, rad (\ee Ecler;iblc?n 6) 
rrrertra force angle, rad (see Figure 2) 
nngerlan porltion, r;id 
angcrlar veilacity, radiil 
;rngrrlar acceleratron, radls' 
aragular frequency, r;idi\ 

NOMENCLATURE 
a~ acceleration at poiin1 Q, m/s2 
R wheelchair- wheell-rase, rn 
FK rear wllcel force, N 
F, triiclive force, N 
f~ 1, rolling resistilnce force, N 
f, inertrill force, N 

The authors exrerrd their appreciation to Dr. K.  H. Mozerac\al 
and Mr. Lrlc van dcr. Woe~dc uftlre Free Univel-sity, Arllsterdam, 
For their review and suggestioi~s concerning rile paper. Graduate 
Research Assistarra Timothy Ccrllirrs carried crut many of the 
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