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Mathematical modeling of normal pharyngeal bolus transport:
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Abstract—Dysphagia (difficulty in swallowing) is a common
clinical symptom associated with many diseases, such as
stroke, multiple sclerosis, neuromuscular diseases, and cancer.
Its complications include choking, aspiration, malnutrition,
cachexia, and dehydration . The goal in dysphagia manage-
ment is to provide adequate nutrition and hydration while
minimizing the risk of choking and aspiration . It is important
to advance the individual toward oral feeding in a timely
manner to enhance the recovery of swallowing function and
preserve the quality of life . Current clinical assessments of
dysphagia are limited in providing adequate guidelines for
oral feeding.

Mathematical modeling of the fluid dynamics of pharyn-
geal bolus transport provides a unique opportunity for
studying the physiology and pathophysiology of swallowing.
Finite element analysis (FEA) is a special case of computa-
tional fluid dynamics (CFD). In CFD, the flow of a fluid in a
space is modeled by covering the space with a grid and
predicting how the fluid moves from grid point to grid point.
FEA is capable of solving problems with complex geometries
and free surfaces.

A preliminary pharyngeal model has been constructed
using FEA. This model incorporates literature-reported,
normal, anatomical data with time-dependent pharyngeal/
upper esophageal sphincter (UES) wall motion obtained from
videofluorography (VFG). This time-dependent wall motion
can be implemented as a moving boundary condition in the
model . Clinical kinematic data can be digitized from VFG
studies to construct and test the mathematical model . The
preliminary model demonstrates the feasibility of modeling
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pharyngeal bolus transport, which, to our knowledge, has not
been attempted before . This model also addresses the need
and the potential for CFD in understanding the physiology
and pathophysiology of the pharyngeal phase of swallowing.
Improvements of the model are underway . Combining the
model with individualized clinical data should potentially
improve the management of dysphagia.

Key words : mathematical modeling, pharyngeal bolus trans-
port, swallowing.

INTRODUCTION

Effective clinical management of dysphagia re-
quires insight about the transport properties of the bolus,
forces applied to the bolus, and bolus movement.
Common clinical strategies involved in dysphagia
management include dietary modification, such as
selective bolus volume and consistency, and/or modifi-
cation of forces applied to the bolus, such as changing
posture or utilizing certain maneuvers. By changing
bolus consistency, volume, and/or altering forces ap-
plied to the bolus, bolus movement can be modified to
aid in the development of a safe swallowing strategy.

Current methods for the clinical evaluation of
dysphagia are still quite limited . Videofluorography
(VFG), widely used in clinical dysphagia studies, is
limited because it reveals only the movement of the

bolus. VFG describes little about the forces applied to
the bolus that propel it through the pharynx into the

esophagus . Clinical management of dysphagia requires
insight into these forces and how they can be modified
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What is mathematical modeling?

Mathematical World
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Mathematical techniques

	

Equations

	

Solutions
Computer

	

Step 1

	

Step 3

	Problems	 Answers

Clinical Practice

Figure 1.
Three steps involved in mathematical modeling : the formulation of
mathematical equations from clinical problems ; the solution of
mathematical equations ; and the interpretation of clinical answers
from mathematical solutions.

to achieve safe swallowing . Manometry permits pres-
sure (force/area) measurement for pharyngeal bolus
transport with sufficient spatial and temporal resolution.
However, these pressure measurements can be mislead-
ing. A distinction must be made between the hydrody-
namic pressure, measured when the bolus is passing the
transducer, and the contact pressure, measured when the
pharyngeal wall is contracting upon the transducer.
Other shortcomings also exist for manometry in the
pharynx . The presence of the catheter causes discomfort
and inherently disrupts the flow of the bolus (1) . Also,
laryngeal elevation and shortening of the pharyngeal
wall result in movement of the catheter and uncertainty
as to where the pressures are actually being measured.
Some of these shortcomings can be overcome by
performing concurrent pressure measurement and VFG,
known as manofluorography (MFG). MFG can poten-
tially provide a good clinical evaluation of dysphagia,
because it provides insight about bolus movement under
external forces, but it is still not well suited for a
thorough evaluation of the various clinical options
available in dysphagia management . Also, MFG is not
readily available in most major medical centers for the
evaluation of dysphagia.

A mathematical model of the pharyngeal phase of
swallowing can be used as an adjunct tool for clinical
evaluation of the effects of changing bolus volume,
bolus properties, and/or forces without exposing the
individual to uncomfortable procedures and excessive
radiation . Mathematical modeling can also make up for

the limitations of current clinical tools for the evaluation
of dysphagia. Hence; mathematical modeling of the
fluid dynamics of pharyngeal bolus transport can
provide another method for the evaluation of dysphagia.

Concepts of mathematical modeling have been
widely used in science and engineering; however, the
application of these concepts to clinical medicine is
currently quite limited. Li and Brasseur have used
mathematical modeling to successfully describe
esophageal bolus transport under various constraints (2).
To the best of our knowledge, a mathematical model
has never been applied to the pharyngeal phase of
swallowing . The inherent difficulty of the pharyngeal
bolus transport is its complex and moving geometry.

In this work, we present a preliminary model for a
normal bolus movement in the pharynx . This model
uses pharyngeal and UES wall movements obtained
from VFG (3,4). Transport properties for the standard
e .z . hd (250 percent w/v) barium sulfate mixture are
provided in the literature (5) . This model demonstrates
the feasibility of simulating pharyngeal bolus transport
and potential clinical applications in dysphagia manage-
ment . Improvements of the current model are underway
to incorporate more clinical parameters into consider-
ation (6).

Background
Mathematical Modeling

Mathematical modeling is a technique widely used
in science and engineering ; however, direct application
in clinical medicine for patient care is still quite limited.
Steps involved in formulating a mathematical model
applied to clinical medicine are summarized in Figure
1 .

When problems are encountered in clinical prac-
tice, it may be possible to pose them with a set of
equations (Step 1). Once that is accomplished, the
clinical problem, in essence, is in the mathematical
world, and there are many mathematical techniques
available to solve these equations (Step 2) . With
developments in numerical analysis and rapid advance-
ment in computer technology, the task of solving
equations has been greatly simplified . Once solutions
are obtained, they must be interpreted in the context of
the real world, namely clinical problems, to apply the
solutions to client-care issues (Step 3).

Physics of Fluid Flow
Equations that describe the physics of fluid move-

ment include the continuity equation and the equation of
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motion (7) . The continuity equation, Equation 1, is a
mathematical statement of the conservation of mass.

aP = —(V pv)

	

[ 1 ]
at

V is the divergence operator, p is the density of the
fluid, v is the velocity vector, and t is time . The
equation of motion, Equation 2, is a mathematical
statement of the conservation of linear momentum, or
Newton's Law applied to fluids.

a
at pv = —[V•pvv] — Vp— [V T]+pg

	

[2]

p is the pressure, g is vector representing the body force
per unit mass (most commonly gravity), T, and is the
stress tensor . Stress is a force per unit area.

For a Newtonian fluid, the relevant transport
properties of the bolus are the density (p) and the
viscosity (p) . The viscosity appears in the equation of
motion through a constitutive relation, which relates the
stress response (T) to the rate of deformation of the fluid
(d). For a Newtonian fluid, the stress is linearly
proportional to the rate of deformation . The constitutive
relation for a Newtonian fluid is given in Equation 3.

T = —µd

	

[3]

A non-Newtonian fluid is simply a fluid that does
not follow Newtonian behavior : the stress is not linearly
proportional to the rate of deformation . A bolus to be
swallowed is often classified as a viscoelastic fluid . A
viscoelastic fluid is a non-Newtonian fluid that exhibits
behavior typical of both a fluid (viscous) and a solid
(elastic).

Due to the transient nature of pharyngeal bolus
transport, these equations must be solved in their
time-dependent form . The first term on the right hand
side of the Equation 2 represents inertial forces . It is
shown below that the inertial force cannot be ignored in
the pharyngeal phase of bolus transport.

Equations 1 and 2 describe the physics of the bolus
movement under external forces . The constitutive equa-
tion relates bolus consistency to stress . Writing down
these equations accomplishes Step 1 of the mathemati-
cal modeling (see Figure 1) . Solving these equations
helps to reveal the relationship between bolus transport
properties and the bolus movement under external
forces . Computational fluid dynamics (CFD) is a
method for the numerical solution of these equations.

Finite Element Analysis
Finite element analysis (FEA) is a special case of

CFD, in which the flow of a fluid in a space is modeled

by covering the space with a grid and then predicting
how the fluid moves from grid point to grid point . CFD
is used extensively to model the flow of air past aircraft
and automobiles . The results are used in conjunction
with wind tunnel experiments to deduce the effect of
geometric changes on the wind resistance . Description
of the FEA technique is beyond the scope of this article,
but reviews of the method and its application to fluid
dynamics can be found in some standard textbooks
(8-12).

To simulate bolus movement, it is necessary to
model the flow of viscoelastic fluids, which is more
complicated than modeling the flow of air. A
viscoelastic fluid exhibits elasticity, like a rubber band,
but flows, like water . When there is a free surface (a
gas-liquid interface like that around a bolus), the elastic
effects are particularly important . FEA is a computer-
aided mathematical technique for obtaining approximate
numerical solutions to the abstract equations of calculus
that predict the response of bolus movement subjected
to external influences . FEA is also capable of solving
problems with complex geometry such as occur when
modeling the human oral-pharyngeal anatomy, and of
modeling problems with a moving boundary such as
peristalsis in the pharynx. Not only viscoelastic proper-
ties, but also surface properties of the food bolus can be
modeled in FEA. No attempt has been encountered in
the literature to model all these phenomena in pharyn-
geal bolus transport . Such problems with moving
boundaries in intricate geometries are complex, and the
FEA that solves them is necessarily complicated.

METHOD

We present here a preliminary model for pharyn-
geal bolus transport using a relatively simple geometry.
The major assumptions of this model are:

• Axisymmetric geometry . Cross-sectional areas are
taken from literature. Radius is calculated assuming
cylindrical geometry . Pharyngeal and UES diameter
data obtained from Kahrilas et al . and Cook et al .,
respectively (3,4) . Length data are estimated from
Kahrilas et al . (13).

• Time zero is taken as the opening of the glossopalatal
junction (GPJ) . GPJ closure at 0 .54 s.

• UES opening at 0 .34 seconds, closure at 1 .04 s.
• Laryngeal elevation and pharyngeal shortening are

complete at the start of pharyngeal bolus transport .



330

Journal of Rehabilitation Research and Development Vol . 35 No . 3 1998

• Minimum radius corresponding to pharyngeal closure
is equal to 0 .1 cm. Residual volume at final time
equals to 0 .16 mL.

• Bolus size is 20 mL. Pharynx is initially filled with
2.7 mL of fluid.

• Single-phase, incompressible, Newtonian fluid.
• Fluid properties for standard e•z•hd mix (250 percent

will) from Li et al . (5).

p = 1 .8 g/cm3

p = 1 .5 g/cm•s

A good model for the transport of a liquid bolus
from the mouth to the esophagus needs to incorporate
the changing geometry of the bolus . A model of the
esophageal phase of swallowing accomplished this by
assuming a certain shape of the bolus that remains
constant throughout the esophagus . This assumption is
acceptable in the esophagus since its geometry is

a,= 22.5 mmHg
do=0mmHg
>= 0
V,=0

Homiet Stress between times in table
desnntnsd by linter inlamplation.

UES
Boundary
Condition

v=o
V,=0
a,= 0
a,= 0

Figure 2.
Preliminary mathematical model in axisymmetric geometry, with the
centerline of symmetry at the right border . Initial and boundary
conditions are prescribed at the glossopalatal junction (GPJ),
pharyngeal wall, and the upper esophageal sphincter (UES) .

simple : at rest, the diameter is the same at every length,
and while distended, the radius is constant over the
majority of the wavelength. This is not true in the
pharynx . The best description of the shape of any cross
section of the pharynx is ellipsoidal . While the bolus is
passing, at any length; the magnitude of either semi-axis
changes rapidly with time. Kahrilas et al . and Cook et
al . have digitized data from biplanar fluoroscopy studies
to determine the shape of the pharynx at various
locations as a function of time (3,4) . Their interpolated
data are shown in Figure 2. The shapes of these curves
vary significantly between lengths of the pharynx ; thus,
an algebraic expression for a simple wave form cannot
be accurately derived. This is where using FEA is
advantageous . The motion of the nodes on the boundary
between the bolus and the wall of the pharynx can be
prescribed as a function of time . This is what has been
done in the preliminary model.

Figure 2 also shows a diagram of the finite
element (FE) mesh set up for the preliminary model of
the pharynx . The geometry is assumed axisymmetric
with the cross-sectional area of the cylinder at any
length equal to the cross-sectional area of the ellipse
from the literature values . The area included in the
model extends from the GPJ to the UES, with the
distance between these two locations taken as 5 cm.
This length assumes laryngeal elevation and pharyngeal
shortening have been completed before the initiation of
the pharyngeal bolus transport . The position of the
nodes on the wall boundary are at the time when the
bolus is held in the mouth prior to the initiation of the
oral phase. At this time, the GPJ and the UES are
closed . Complete closure of any portion of the pharynx
cannot be modeled : the mesh cannot collapse onto itself.
A minimum radius, corresponding to complete closure,
is chosen as 1 mm. This value can be varied to obtain
desired pressure signatures. A similar procedure was
used by Li et al . in their model of the esophagus (2).

The position of the nodes on the wall boundary are
taken from literature sources for a 20-mL bolus at 4
locations shown in Figure 2. The geometry at the
entrance to the UES was taken as the same as the exit,
but the wall movement is started at an earlier time . This
shift in time was determined using a velocity found by
integrating the cross-sectional area at the exit over time
and dividing this result into the volume of the bolus.
This gives a velocity at 18 .4 cm/s. Since the length of
the UES is 1 cm, this gives a shift in time of 0 .0542 s.
Data for the entire lumen were found using a b-spline
interpolation through these 5 data points.

Boundary Condition at Wall

Prescribed nodal movement as a function of time:
L4 ,

a	
o.a"Ti

. O4
~

time (s

Cook et el. (1989)

Movement of nodes between data points
by B-spline interpolation in space and time .

fllossopalatal Junction

Time
s

0
0,32
0 .54

1 .0

Time

0
0 .335
0 .34

1 .0

Boundary
Condition
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The boundary conditions are also outlined in
Figure 2. A symmetry condition is applied at the
centerline. The radial velocity of the nodes on the wall
are prescribed as discussed above . The axial velocity of
the nodes on the wall are 0 (no slip).

At the GPJ, the tongue is forcing the fluid from the
mouth into the pharynx (t=0) . This driving force is
modeled by specifying a force/area (normal stress) at
the GPJ during the time it is open. The maximum
opening is reached at 0 .32 s. The GPJ reaches the
minimum diameter again at 0 .54 s and remains closed
during the rest of the simulation. The stress normal
(pressure) to the inlet is initially set at 22 .5 mmHg and
is reduced linearly to zero at time 0 .32 s . This is the oral
phase of the swallow . The bolus is being transported
from the mouth to the pharynx . If it is assumed that
there is a constant force pushing the bolus through the
GPJ, the stress should decrease over this time, since the
cross-sectional area is increasing . From time 0.32 to
0.54 s, the normal stress remains 0 (free) . From time
0.54 to 1 .08 s, the axial velocity is set to 0 (no flow).

From time 0 to 0 .33 s, the UES is closed . It begins
to open at 0 .33 s and reaches the maximum opening
around 0.6 s. The UES is closed again when the bolus
has passed into the esophagus at time 1 .04 s . The axial
velocity at the outlet is 0 from time 0 to 0 .33 s (no
flow) . The UES opens at time 0 .33 s. From time 0 .33 s
to the end of the solution, the normal stress is 0 at the
outlet (free).

The mathematical model is solved using FEA, with
geometry information and boundary conditions provided
to the computer program FIDAP (v . 7.06, Fluid
Dynamics International, Inc ., Evanston, IL), running on
a Silicon Graphics Indigo Workstation XZ 4000 . Eighty
quadrilateral elements were used in this model, with 369
nodes and 896 degrees of freedom.

RESULTS AND DISCUSSION

Figure 3 shows FE meshes representing pharyn-
geal chambers at various time steps from 0 to 1 .04 s.
All pharyngeal chambers are represented by axisym-
metric geometries, with centerlines of symmetry at the
right border . Clearly the axisymmetrical geometry
represents an oversimplification of the pharyngeal wall
motion. Movements of the anterior pharyngeal wall are
currently "lumped" together with the posterior pharyn-
geal wall motion to represent a peristaltic pharyngeal
wall action . Future models, incorporating our own VFG

Figure 3.
Finite element meshes representing the geometry of the pharyngeal
chamber at various time steps . All pharyngeal chambers are
represented by axisymmetric geometries, with centerlines of symme-
try at right borders . Important time events are marked as : t=0 : onset
of GPJ opening ; t=0 .37 s: onset of UES opening; t=0 .54 s : GPJ
closure ; t=1 .04 s : UES closure.

data, will include separate consideration for the anterior
and posterior pharyngeal wall movements . The prelimi-
nary model incorporates tongue actions by specifying
stresses at the GPJ (see Figure 2) . Future models will
directly include tongue-based movements as boundary
conditions . Figure 3 demonstrates the ability of FEA to
represent the changing geometry of the pharynx while
the bolus is passing . Whereas this assumed axisym-
metric geometry in the preliminary model is simple, the
use of FEA will allow much more complex geometries,
including the three-dimensional.

Including inertial effects in the solution means that
nonlinear terms in Equation 2 cannot be set to zero.
These nonlinear terms result in a mathematical problem
that cannot be solved analytically (on paper) . The
importance of inertial effects can be estimated by

t=0.36s t=0 .46 s

81

I

t = 0.54 0 .62s t = 0_S2~s
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Figure 4.
Comparison of pressure histories at the UES for models with and
without inertial effects .
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Figure 6.
Hydrodynamic pressure history at the GPJ, 2 cm distal to GPJ (i .e .,
near laryngeal introitus), and the distal UES.
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Figure 5.
Bolus transport through the UES.

calculating the Reynolds number . The Reynolds number
for peristaltic transport is defined below (14).

pvh

p

	

[4]

p and t are bolus density and viscosity, respectively ; v
is the velocity ; h is the average radius of the bolus, and
a is the wavenumber (a=h/X) . The wavenumber (a) is
the ratio of the average radius of the bolus to the
wavelength of peristalsis (length of the bolus) . If the
Reynolds number for peristalsis is less than unity, the
inertial terms in the equation of motion can be neglected
(14) . Since the wave form for peristalsis in the pharynx
is variable, it is difficult to calculate a Reynolds number
defined by Equation 4 . Time averaging the cross-

sectional areas at various locations in the pharynx
results in average radii of about 2 .0 cm at the tongue
base and the level of the valleculae. For a 20 mL bolus
and assuming cylindrical geometry, this gives a peristal-
tic wavelength of approximately 6 .4 cm. The velocity of
lumenal closure in the pharynx measured from fluoros-
copy studies is approximately 15 cm's (14,15) . The
density and viscosity for e•z . hd barium sulfate suspen-
sion is 1 .8 glcm3 and 1 .45 g/cm . s, respectively (5).
Using these parameters and Equation 4, the Reynolds
number is approximately 12; thus, inertial effects may
be important.

Figure 4 is a time history plot of the pressure at
the UES for simulations with and without the inertial
terms included in the equations of motion . Notice the
pressure calculated with inertial effects can be more
than twice the pressure calculated without them. This
demonstrates that pharyngeal bolus transport requires a
much more complicated mathematical model (our ap-
proach) than esophageal transport . Note that these
pressure tracings should not look like those measured
with manometry. As stated previously, manometry is a
clinically important but technically difficult measure-
ment . This difficulty arises from the presence of a
relatively large magnitude of contact pressure obtained
from direct pharyngeal wall contraction on the manom-
eter . The contact pressure has little implication on bolus
transport . It is the hydrodynamic, or intrabolus pressure
that drives the bolus transport . Without concurrent VFG
monitoring, no distinction of these two pressures can be
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possibly made . Other problems associated with the
intrabolus pressure measurements are relative motion of
the pharynx versus the transducer during the act of
swallowing, and the presence of the catheter within the
pharynx may interefere with bolus transport . In our
model, only the hydrodynamic pressures can be reported
because we are modeling the fluid, not the pharyngeal
walls . The pressures shown only represent the pressures
that would be measured when the bolus is passing the
transducer.

To estimate the accuracy of the preliminary model,
the cumulative volume through the UES was calculated.
Figure 5 describes the volumetric flow rate of the bolus
and cumulative bolus volume through the UES . Recall
that data used to generate the geometry for that figure
were for bolus volumes of 20 mL. The total volume
passing through the UES from time 0 .34 to 1 .04 s is 18
mL. This is relatively good agreement, considering only
four points on the mesh were obtained from VFG
measurements and considering that flow rates were not
specified in this model . Also note that the maximum
volumetric flow rate corresponds to maximal UES
opening at 0.6 s.

Figure 6 shows the hydrodynamic pressure histo-
ries at three locations : the GPJ, 2 cm distal to GPJ, and
the UES . Again note that these pressure tracings should
not look like those measured with manometry . In using
clinical manometry, both the hydrodynamic pressure
and the contact pressure are measured . Without concur-
rent VFG monitoring, no distinction of these two
pressures can be made . In our model, only the
hydrodynamic pressures can be reported because we are
modeling the fluid, not the pharyngeal walls . Certain
similarities can be noted, however . The initial positive
and large pressure peak is due to the tongue forcing the
bolus into the pharynx . The large negative pressure peak
at UES occurs when the UES opens . As the cross-
sectional area expands, the fluid pressures are reduced.
Conversely, when the cross-sectional area contracts, the
pressure increases.

Transphincter pressure drop is a technically diffi-
cult but clinically important measurement . Prior to UES
opening, there is a drop of up to 17 mmHg; the pressure
drop then decreases to slightly above zero after the
opening of UES . The closest comparable data encoun-
tered in the literature at maximum UES opening (from
proximal UES to esophagus at -0 .6 s) was 2.5±2.8
mmHg, which is in reasonably good agreement with the
result from the model (4) .

CONCLUSIONS

The purpose of this current model is to demon-
strate the ability to model swallowing in the pharynx
using a boundary with a prescribed motion . CFD using
FEA is needed for the solution of the pharyngeal model,
due to the complex geometry and inertial effects . Based
on the preliminary model, it has been argued that the
effects of inertia cannot be ignored in the pharyngeal
phase of swallowing . This model demonstrates the need
and the potential for CFD in understanding the physiol-
ogy and pathophysiology of the pharyngeal phase of
swallowing . It can potentially circumvent the need for
clinical manometric measurements . The current model
is limited, because only four locations on the moving
surface were taken from experimental data reported in
the literature. Future models will incorporate more data
by using digitized information from VFG directly,
considering two-phase flow and non-Newtonian behav-
ior of the bolus (6) . More importantly, future models
will be constructed in three dimensions and will need to
be tested against combined kinematic and manometric
measurements obtained through MFG . Whereas, this
preliminary model does show the transport of nearly 20
mL of fluid through the UES, the accuracy of future
models should be better . Investigation of future models
will include sensitivity analysis of the effects of
changing the boundary conditions at the GPJ and UES.
The model will be applied to analyze pathological
swallowing . Long-term goals of this work include
studying variables such as bolus properties, bolus
volume, head position, and maneuvers, which all
influence pharyngeal bolus transport in nonimpaired and
dysphagic individuals.
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